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Seismic Performance of a River Dike Improved by Sand
Compaction Piles

Y. Di1; J. Yang, M.ASCE2; and T. Sato3

Abstract: Sand compaction piling is one of the commonly used countermeasures for earthquake liquefaction hazard of river dikes. This
paper presents a case study of the performance of an instrumented dike in northeast Japan that was improved by sand compaction piles
and subjected to the 2003 Northern Miyagi Earthquake, with the aim to better understand the effectiveness of this ground improvement
method. Simulation has been carried out by means of a fully coupled numerical procedure which employs a sophisticated cyclic
elastoplastic constitutive model and the updated Lagrangian algorithm. Comparisons between the field measurements and the computed
responses, including the time histories of accelerations and pore-water pressures at different locations, show reasonably good agreement.
Numerical simulation has also been made of the same dike but without ground improvement to identify the effects of sand compaction
piles in altering the performance of the dike. The study demonstrates that the comprehensive numerical procedure is a promising tool for
development of seismic performance-based design of earth structures.

DOI: 10.1061/�ASCE�0887-3828�2008�22:6�381�

CE Database subject headings: Dikes; Soil liquefaction; Sand; Soil compaction; Seismic effects; Piles.
Introduction

Many river dikes constructed in Japan and China for various pur-
poses such as irrigation and flood control are located in
earthquake-prone areas. A great number of case histories have
demonstrated that river dikes are highly susceptible to
earthquake-induced damage if they are underlain by loose, satu-
rated, noncohesive soils. These soils are frequently found in river
environments and have a high liquefaction potential. Hamada et
al. �1986, 1996� calculated the vectors of ground displacements
by comparing pre- and postearthquake aerial photographs of the
1964 Niigata Earthquake and showed that the liquefied soils of
riverbanks resulted in permanent displacements of as large as sev-
eral meters. Fig. 1 illustrates the typical cross section of a failed
embankment and its foundation soil in the 1993 Kushiro-oki,
Japan Earthquake along with the photograph of the induced dam-
age �Fudo 1994�. The 3–4 m thick peat layer was underlain by a
2–10 m thick alluvial sand layer grading from loose to medium
dense and a 20–30 m thick clay layer with thin sand lenses
�Sasaki et al. 1995�. Liquefaction of river dikes or embankments
was also reported for the 1960 Alaska Earthquake �Seed 1970�,
the 1976 Tangshan Earthquake �Liu et al. 2002�, and the 1995
Kobe Earthquake �Matsuo 1996�, among many others.
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During an earthquake, the shear waves that propagate upward
from the underlying bedrock induce the tendency for the loose
sandy soil to decrease in volume. If poor drainage conditions are
assumed, an increase in pore-water pressure and an equal de-
crease in the effective confining stress are required to keep the
loose sandy soil at constant volume. The degree of excess pore-
water pressure build up is largely a function of the initial density
and stress state of the soil, and the intensity and duration of seis-
mic shaking. In loose to medium dense sands, pore pressures can
be built up to a level that is close to the confining stress. In this
state, no effective or intergranular stress exists between the sand
grains and a complete loss of shear strength is experienced.

The sand compaction pile �SCP� method, which forms a com-
posite ground by installing piles made of compacted sands into
soft ground, has been extensively used to increase the liquefaction
resistance of loose sand deposits since the 1970s. The principle of
this ground improvement technique is densification of soils. In-
creases in soil density as well as effective stress are believed to be
able to enhance liquefaction resistance of soils. Okamura et al.
�2003� reported in situ tests and undrained cyclic shear tests on
undisturbed samples obtained by the in situ freezing method at
three sites where foundation soils had been improved by sand
compaction piles. The results showed that the liquefaction resis-
tance of improved sands was significantly stronger than that of
non improved sands. A number of shaking table or centrifuge tests
on model embankments �e.g., Elgamal et al. 2002� have also in-
dicated that densification of sand columns is effective in reducing
the liquefaction-related deformation.

Although the SCP method as a liquefaction countermeasure
has been studied in the laboratory using the element experiments
or small-scale model tests, instrumented full-scale tests on its ef-
fectiveness are obviously lacking yet much desired. To have a
better understanding of the performance of river dikes improved
by sand compaction piles, the Japanese National Institute for
Land and Infrastructure Management and Kiso-Jiban Consultants
Co. Ltd. installed sand compaction piles at a trial dike along the

Naruse River, which is located in Nakashita of Miyagi-ken, north-
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east Japan �Fig. 2�. During the 2003 Northern Miyagi Earthquake
�Mj 6.4�, valuable information on the dynamic response of the
dike, including the acceleration and excess pore pressure time
histories, was recorded by the installed instruments. This paper
presents a study which was aimed at simulating the dike perfor-
mance by means of a comprehensive, effective stress-based pro-
cedure and gaining a better understanding of the effectiveness of
sand compaction piles in liquefaction remediation for dikes.

Instrumented Dike and Site Condition

The trial dike is about 6.8 m in height and is made of sandy fills.
The dike rests on a Holocene deposit of about 7.0 m. As shown in
Fig. 3, the deposit consists of a silty clay layer �Ac1� of 2.2 m,
thick sandy layers �Acs and As1� of about 2.6 m, a clay layer
�Ac2� of 1.6 m, and a soft rock layer �To�. The mean values of the
SPT �standard penetration test� blow count number N, shear wave
velocity Vs, and unit weight � of each soil layer as obtained from
site investigation are summarized in Table 1 �NILIM-KJC 2004�.

Fig. 1. A failed embankment in the 1993 Kushiro-oki Earthquake
�Fudo 1994�

Fig. 2. Location of the trial dike at the Naruse River
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The SCP-improved zone in the dike is indicated in shadow in
Fig. 3. Sand compaction piles were installed below the dike
shoulder �on the land side� to a depth of 8.7 m in a square grid
pattern, with the diameter of 700 mm and the center-to-center
spacing of 2.0 m. The properties of the sand compaction piles
were estimated as follows �NILIM-KJC 2004�: void ratio 0.7,
shear wave velocity 172 m /s, and SPT N value 10.

As shown in Fig. 3, three accelerometers �Acc1, Acc2, and No.
5� were installed in the dike on the land side: one was located at
the dike crest �Acc1�, one was embedded in the dike shoulder
�Acc2�, and the third was installed in the soft rock layer �No. 5�.
To monitor the response of pore-water pressure during earth-
quakes, three pore-water pressure transducers were installed: two
were embedded in the improved zone �No. 3 and No. 7� and one
was installed in the sandy soil layer beneath the dike crest �No.
6�. During the 2003 Northern Miyagi Earthquake, time histories
of acceleration and pore-water pressure were recorded success-
fully. The peak accelerations recorded by the accelerometer Acc1
in the north–south, east–west, and up–down directions were
379.03, 415.15 and 555.99 gal �cm /s2� respectively. Table 2
summarizes the peak accelerations recorded by all three
accelerometers.

Method of Analysis

Seismic design of dikes or embankments is conventionally con-
ducted by means of the pseudostatic method combined with the
Newmark sliding block theory. Although the method provides a
simple way of screening for the stability of dikes, it does not
adequately account for some situations in real earthquakes �e.g.,
time-varying amplitudes and frequencies of ground accelera-
tions�. In particular, it is unable to provide a reasonable prediction
of the permanent deformations associated with the significant
buildup of excess pore pressures in liquefiable soils. To quantita-
tively study the dynamic behavior of earth structures comprising
saturated soils, a number of solid–fluid coupled numerical proce-
dures have been developed �see Arulanandan and Scott 1993�.
These procedures are in general based on the effective stress prin-
ciple, transient pore fluid movement, generalized material stiff-
ness, and infinitesimal strain theory.

Fig. 3. Cross section of the SCP improved river dike
It is now widely recognized, however, that various liquefaction
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problems involve very large deformations for which the infinitesi-
mal strain theory may not be applicable. To properly describe the
large deformation of a soil mass associated with the process of
liquefaction, a finite strain procedure has been developed based
on the updated Lagrangian algorithm and the two-phase mixture
theory �Di and Sato 2004�. In this procedure, the Jaumann effec-
tive stress rate, an objective measure of the stress rate, is adopted
to express the generalized stress–strain relationship, and a finite
element and finite difference �FE-FD� hybrid scheme �Oka et al.
1994� is followed to discretize the equilibrium equation and the
continuity equation of the fluid-saturated soil. Note that if the
mesh is heavily distorted at large deformations, the excess pore
pressure field and its gradient cannot, as in a conventional formu-
lation of small strain problems, be reasonably approximated by
expressions in terms of the excess pore pressure at the gravity
centers of the elements. To handle this problem, the physical area
of each element can be divided into subareas, one for each Gauss
point, and the pore pressure field in each subarea is assumed to be
constant and defined at the Gauss point. More details about the
finite strain formulation can be found in Di and Sato �2004�.

To adequately reproduce soil behavior under cyclic loading,
the elastoplastic constitutive model proposed by Oka et al. �1999�
has been adopted in the numerical procedure. This model is based
on the nonassociated plasticity and nonlinear kinematic hardening
rule. A fading memory characteristic of the initial anisotropy is
taken into account in this constitutive relationship. A brief de-
scription of this model is given in the Appendix. The model has
been carefully evaluated by using a series of hollow-cylinder tor-
sional shear tests with and without an initial shear stress after
isotropic and anisotropic consolidation, and has shown a fairly
good performance in reproducing the complex soil behavior
under various loading conditions �Oka et al. 1999; Matsuo et al.
2000�.

Outline of Simulation

The computational model is considered a plane strain problem
and restricted to a finite domain �Fig. 4�. The maximum horizon-
tal length of the mesh is 690 m, over 50 times the vertical dimen-

Table 1. Properties of Soil Layers �Adapted from NILIM-KJC 2004�

Soil layer Soil type
Elevation

�m�
T

BK Sandy fill 6.8 to 0.0

Ac1 Silty clay 0.0 to −2.2

Acs Sand −2.2 to −3.0

As1 Sand −3.0 to −4.8

Ac2 Clay −4.8 to −6.4

To Soft rock −6.4 to

Table 2. Peak Accelerations Observed at Acc1, Acc2, and No. 5 Loca-
tions �Adapted from NILIM-KJC 2004�

Position

Peak acceleration �gal.�

North–south East–west Vertical
Horizontal

�transverse to river�

No. 5 578.62 423.82 403.23 443.41

Acc2 370.79 383.20 629.03 363.89

Acc1 379.03 415.15 555.99 402.41
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sion so that the boundary effect could be minimized. The mesh
used for the simulation consists of four-node isoparametric ele-
ments with bilinear displacement interpolation and piecewise con-
stant pore-water pressure. All base nodes are conventionally fixed
in the vertical direction. Along the two lateral sides of the analysis
domain, only vertical displacement is allowed, whereas the hori-
zontal displacement is set to be equal to the free-field displace-
ment. Both the base and the two lateral boundaries are assumed
impervious. Ideally, the SCP-improved zone should be modeled
in three dimensions by considering the grid pattern of the com-
paction piles. To avoid complications and for the first instance, it
is modeled here as a uniform denser sand zone with higher liq-
uefaction resistance.

Input Motions

The ground accelerations recorded at No. 5 �Fig. 5� can be rea-
sonably assumed to be bedrock motions. It is not considered ap-
propriate, however, to simply take either the acceleration in the
east–west component or that in the north–south component as the
horizontal input motion for the analysis, in view of the dike ori-
entation �see Fig. 2�. The appropriate input motion should be
transverse to the river, which can be determined based on the
north–south and east–west acceleration components as shown in
Fig. 5. In the simulation presented in this paper, the calculated
transverse acceleration and the recorded vertical acceleration
were used as input motions at the rigid base of the finite element
model. A time integration step of 0.001 s was adopted for the
dynamic analysis, and the simulation was performed for 80 s.

Model Parameters

The cyclic elastoplastic constitutive model of Oka et al. �1999�
was employed for analysis. Table 3 gives soil parameters for the
analysis, which were determined using laboratory or field test
results, empirical correlations, or set to be typical values of spe-
cific soils �typically sandy soil and clay soil�. The general prin-
ciple for the determination of model parameters is outlined as
follows. More details about the physical meanings of the model
parameters can be found in Oka et al. �1999�.

ss SPT-N value
�mean� Vs �m/s�

�
�kN /m3�

12 150 17

5 150 14

8 150 17

8 150 17

4 150 18

�50 �650 20

Fig. 4. Finite-element mesh for the dike
hickne
�m�

6.8

2.2

0.8

1.8

1.6

�-6.4
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The parameters such as density, initial void ratio, and perme-
ability are estimated by physical property tests or set to be typical
values of specific soils. The compression and swelling indexes are
determined using the compression tests or alternatively set to be

Table 3. Soil Parameters Used in Analysis

Soil BK Ac1

Density ��t /m3� 1.70 1.40

Coefficient of permeability k�m /s� 1.0E−5 1.0E−

Initial void ratio e0 0.90 2.00

Compression index � 0.02 0.20

Swelling index � 0.002 0.020

Initial shear modulus ratio G0 /�m0� 907.0 560.4

Failure stress ratio Mf 1.158 1.336

Phase transformation stress ratio Mm 1.013 1.169

Hardening parameter B0 2,700 1,681

Hardening parameter B1 135 84

Control parameter of anisotropy Cd 2,000.0 2,000

Reference strain parameter �r
p

Reference strain parameter �r
e

Over consolidation ratio OCR

Dilatancy parameter D0

Dilatancy parameter �

Fig. 5. Acceleration records observed during the 2003 Northern
Miyagi Earthquake
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typical values of specific soils. The failure stress ratio and the
phase transformation stress ratio are estimated from results of
undrained triaxial tests. The initial shear modulus is evaluated
from the shear wave velocity measured by compression and shear
wave �PS� logging or alternatively from the empirical correlation
between the shear wave velocity and SPT N value. The remaining
parameters are evaluated mainly by matching the results of und-
rained cyclic tests such as the liquefaction strength curve, the
effective stress path, and the stress–strain relation. Note that the
parameters D0 and n mainly control the slope of the liquefaction
strength curve, whereas the parameters �r

e ,�r
p control the strain

increase after the phase transformation state.
As an example, the simulated behavior of the sand layer �As1�

at the cyclic shear stress ratio of 0.33 at a loading rate with a

Acs As1 Ac2 To
SCP-improved

zone

1.70 1.70 1.80 2.00 1.70

1.0E−5 1.0E−5 1.0E−8 1.0E−5 1.0E−5

0.90 0.90 2.00 0.60 0.70

0.02 0.02 0.20 0.02 0.02

0.002 0.002 0.020 0.002 0.002

635.1 570.2 514.2 9,925.9 837.3

1.158 1.158 1.336 1.510 1.158

1.013 1.013 1.169 1.320 1.013

4,000 4,000 1,756 29,778 5,000

225 225 77 1,489 250

2,000.0 2,000.0 2,000.0 2,000.0 2,000.0

0.006 0.006 0.008

0.04 0.04 0.07

1.2 1.2 1.6

0.850 0.850 0.415

0.45 0.45 0.41

Fig. 6. Model response of the sandy soil �As1� under undrained
cyclic loading
8

.0
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frequency of 2 Hz is shown in Fig. 6, together with that of the
SCP-improved sandy soil at the same shear stress ratio and same
loading rate in Fig. 7. The cyclic mobility effect and the reduction
of stiffness associated with shear strain upon liquefaction are re-
produced reasonably.

Computed Results versus Field Observations

For the purpose of comparison, two parallel numerical simula-
tions have been carried out: one was for the case of the SCP-
improved dike and the other was for the case in which the dike
was assumed to be nontreated �i.e., without the SCP improve-
ment�. Before the dynamic finite element analyses for both cases,
a static analysis was performed with gravity to simulate the initial
stress acting in situ before the earthquake. The same constitutive
model was used in this static analysis.

The deformed mesh of the no-improved dike after earthquake
shaking and that of the SCP-improved dike are shown in Fig. 8.
The residual deformation is shown by the deformed mesh in solid
lines and the original configuration in broken lines. In both cases
the deformation pattern followed a common observation that the
crest settlement was associated with the lateral spread in founda-
tion soil layers and the lateral spread occurred to both left and
right directions. The significant deformation and shear strain oc-
curred in the sandy soil layers under the dike crest �Acs and As1�,
whereas the upper cohesive soil layer and the dike deformed
slightly.

Time histories of the horizontal and vertical displacements at
Acc1 and Acc2 are shown in Figs. 9 and 10, respectively. In the
case of no-improved dike, the settlement and lateral displacement
at Acc1 after the earthquake shaking were about 50 and 30 cm,
respectively, and the vertical and horizontal displacements at
Acc2 were about 56 and 40 cm, respectively. In the presence of
the SCP, the settlement and lateral displacement at both locations
were reduced significantly, with the maximum settlement of

Fig. 7. Model response of the SCP-improved soil under undrained
cyclic loading
28 cm and the maximum horizontal displacement of 8 cm at
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Acc1, and the maximum settlement of 24 cm and the maximum
horizontal displacement of 26 cm at Acc2.

The computed time histories of horizontal acceleration and the
obtained records at Acc1 and Acc2 locations during the earth-
quake shaking are shown in Figs. 11 and 12. It can be seen that

Fig. 8. Deformed mesh of the dike after earthquake shaking: �a�
no-improved dike; �b� SCP-improved dike

Fig. 9. Time histories of vertical and horizontal displacements at the
Acc1 location
RUCTED FACILITIES © ASCE / NOVEMBER/DECEMBER 2008 / 385

008, 22(6): 381-390 



386 / JOURNAL OF PERFORMANCE OF CONSTRUCTED FACILITIES © AS

 J. Perform. Constr. Facil., 2

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

U
ni

ve
rs

ity
 o

f 
H

on
g 

K
on

g 
on

 1
1/

05
/2

0.
 C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.
the computed acceleration responses at Acc1 and Acc2 for the
SCP-improved dike are in fairly good agreement with the records.
Note that the horizontal accelerations at Acc1 and Acc2 of the
SCP-improved dike were significantly larger than the correspond-
ing ones of the no-improved dike, especially after 3.0 s of shak-

Fig. 12. Time histories of horizontal acceleration at the Acc2
location

Fig. 13. Distribution of peak horizontal acceleration along the verti-
cal direction
Fig. 10. Time histories of vertical and horizontal displacements at
the Acc2 location
Fig. 11. Time histories of horizontal acceleration at the Acc1
location
CE / NOVEMBER/DECEMBER 2008
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ing �Fig. 12�. This difference is considered, as will be shown later,
to be mainly associated with the significant buildup of pore-water
pressures in the case of no-improved dike.

Fig. 13 compares the computed distribution of peak horizontal
acceleration in the vertical section under the crest of the SCP-
improved dike with the recorded distribution, showing an accept-
able agreement. Note that the acceleration was deamplified by the
sandy layers As1 and Acs, which liquefied in earthquake shaking,
but tended to be amplified when the shear waves further propa-
gated toward the dike crest. The deamplification of ground accel-
eration due to soil liquefaction has been well documented by
some downhole array records �Yang et al. 2000�.

To have a better view of the pore-water pressure response, Fig.
14 compares the distribution of excess pore-water pressure ratio
in the no-improved dike with that of the SCP-improved dike. The
grey scale varying from black to white represents the excess pore
pressure ratio varying from 1.0 �full saturation� to 0.0. In addi-
tion, the computed time histories of excess pore-water pressures
at three different locations �No. 3, No. 6, and No. 7� during shak-
ing are shown in Fig. 15, together with the recorded pore-water
pressures.

The computed responses of pore-water pressures at No. 3 and
No. 7 are apparently consistent with the effective stress paths
experienced by the soils as shown in Figs. 16 and 17 �J2	second
invariant of deviatoric stress�. The effective stress cyclic elasto-
plastic constitutive model employed in this paper was developed
based on the triaxial test results. To generalize the expression of
stress path of saturated soil to other conditions than triaxial test,
�2J2 was used as a representation of shearing resistance of the
soil. Obviously, for the no-improved dike the pore-water pres-
sures at No. 3 and No. 7 were both built up to the levels of the
initial effective mean stresses at the two locations, the corre-

Fig. 14. Distribution of excess pore-water pressure ratio af
sponding stress path shows a gradual loss of shear strength and a
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gradual decrease in effective confinement due to excess pore pres-
sure build up, implying that soil liquefaction occurred. By com-
parison, for the SCP-improved dike, the pore-water pressures at
the same locations were still far below the corresponding initial
effective mean stresses, the associated stress path shows instanta-
neous regains of shear strength and confinement due to dilative
response of the densified material in SCP-improved zone. The
different pore pressure responses were closely associated with the
observation described before that the SCP-improved dike exhib-
ited a relatively small lateral spread and crest settlement.

As far as the pore-water pressure at location No. 6 is con-
cerned, �Fig. 18� the computed results do not show a good agree-
ment with the records. Unlike the simulation, the measured excess
pore-water pressure did not reach the initial effective mean stress
level �about 62 kPa� at location No. 6. If the measured excess
pore-water pressure was exact, the soil would not lose the effec-
tive mean stress completely and would keep sufficient shear
strength. However the investigation after the earthquake shows
the occurrence of complete liquefaction in this zone. Therefore,
the recorded excess pore-water pressures at these locations might
have been the result of an inappropriate measurement. There exist
a number of factors that may contribute to the observed discrep-
ancy �e.g., uncertainties of the initial effective mean stress level�.
The following are thought to be the main possible reasons. In real
situations, earthquake shaking induced cracks around the trans-
ducer in soils that propagated toward the ground surface and these
cracks could certainly reduce the pore-water pressures registered
by the transducer. In the numerical simulation, however, the real-
life occurrence of cracks could not be reproduced. It points to the
limitations of the analytical tool in accounting for the complexity

earthquake: �a� no-improved dike; �b� SCP-improved dike
ter the
of the real dike behavior and the need to improve the tool.
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Conclusions

A case study has been presented of an instrumented river dike that
was improved by sand compaction piles and subjected to the 2003
Northern Miyagi Earthquake. To capture the complex behavior of
the river dike involving a significant buildup of pore-water pres-
sures in the underlain sandy soils, simulation has been carried out
by means of a fully coupled numerical procedure which employs
an effective stress cyclic elastoplastic constitutive model and the
updated Lagrangian algorithm. The simulated dike responses, in-
cluding the time histories of accelerations and pore-water pres-
sures at different locations, generally agree with the observations.
The comparisons between the observed and simulated perfor-
mances �for both the SCP-improved dike and the no-improved
dike� may allow the following conclusions.

Fig. 15. Time histories of excess pore-water pressure: �a� No. 3
location; �b� No. 7 location; and �c� No. 6 location
1. The densification caused by sand compaction piles was ef-
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fective in reducing the crest settlement and lateral spread of
the dike associated with the liquefaction of sandy soils be-
neath the dike. The pore-water pressures recorded by the
transducers embedded in the improved zone were signifi-
cantly lower than the corresponding effective mean stresses.

2. The deformation pattern of the dike was generally character-
ized by the settlement of dike crest and the associated lateral
spread in foundation soil layers. The lateral spread occurred
in both the left and right directions.

3. The amplitude of horizontal acceleration was reduced when
seismic shear waves propagated through the liquefied soil
layers but tended to be increased when waves further trav-
eled toward the dike crest. Compared with the no-improved
case, the acceleration at the crest of the SCP-improved dike
would exhibit larger amplitudes.

4. The fully coupled large deformation procedure proved to be
a promising tool that can provide a reasonable prediction of
the seismic performance of real dikes. To improve the pre-
diction accuracy on the one hand and to avoid significant
complications on the other hand, further work is needed, par-
ticularly with respect to the capability and simplicity of the

Fig. 16. Simulated effective stress path at No. 3 location
constitutive model.
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Appendix

The constitutive model is based on the nonassociated plasticity
and nonlinear kinematic hardening rule. The boundary surface
between the normally consolidated region �fb
0� and the over-
consolidated region �fb�0� is defined by

fb = �̄�0� + Mm ln��m� /�mb� � = 0 �1�

Fig. 17. Simulated effective stress path at No. 7 location
�̄�0� = ���ij − �ij�0����ij − �ij�0�� �2�
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�ij = sij/�m� �3�

where sij =deviatoric stress tensor; �m� =mean effective stress;
�mb� =mean effective stress at the intersection of the overconsoli-
dation boundary surface and the �m� axis; �ij�0� denotes the value
of �ij at the end of anisotropic consolidation, and Mm=phase
transformation stress ratio �the value of the stress ratio expressed
by ��ij�ij when the maximum volumetric strain during the shear-
ing occurs�.

The �mb� in Eq. �1� is expressed as

�mb� = �mbi� exp��p�1 + e0�/�� − ��� �4�

where �mbi� =initial value of �mb� ; e0=void ratio; �=compression
index; �=swelling index; and vp=volumetric plastic strain.

The yield surface function of the constitutive model is decided
by

f = ���ij − �ij���ij − �ij� − R = 0 �5�

where R=parameter which defines the elastic region and �ij

=nonlinear kinematic hardening tensor.
The evolution equation for the hardening parameter �ij is

Fig. 18. Simulated effective stress path at No. 6 location
given by
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d�ij = B�Mfdeij
p − �ijd�p� �6�

where B=material parameter; Mf =stress ratio at failure; deij
p

=increment of the plastic deviatoric strain; and d�p=�deij
pdeij

p .
The parameters B is considered to follow an equation as

follows:

B = �B0 − B1�exp�− Cf��n�
p � + B1 �7�

where B1 and B0=material hardening parameters; Cf =material
parameter; and ��n�

p =accumulated plastic shear strain between two
sequential stress reversal points in the previous cycles.

After the stress state reached the phase transformation line, B
follows the following hyperbolic relation:

B = B0/�1 + ��n�max
p /�r

p� �8�

where �r
p=reference plastic strain parameter.

In addition, the degradation of elastic shear modulus is also
considered in a similar way

Ge = G0
e/�1 + ��n�max

e /�r
e� �9�

where �r
e=reference elastic strain parameter and G0

e =initial value
of the elastic shear modulus Ge.

As the nonassociated flow rule is used, the plastic potential
function is expressed as follows:

g = ���ij − �ij���ij − �ij� + M̃ ln��m� /�ma� � = 0 �10�

where �ma� =material constant and M̃ =stress ratio when the maxi-
mum compression of the material takes place.

When fb
0, M̃ equals Mm�, otherwise it is defined as

M̃ = − ��ij�ij/ln��m� /�mc� � �11�

in which

�mc� = �mb� exp���ij�0��ij�0�/Mm� �12�

The stress-dilatancy relation is expressed by using the gener-
alized flow rule as

d�p/d�p = D�M̃ − �x� �13�

where D=D0�M̃ /Mm�n and �x=�ij��ij −�ij� /
��� −� ��� −� �. D and n=dilatancy parameters.
mn mn mn mn 0
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