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ABSTRACT

Site response to earthquake loading is one of the fundamental problems in geotechnical earthquake
engineering. Most site response analyses assume vertically propagating shear waves in a horizontally
layered soil-rock system and simply ignore the effect of site response to vertical earthquake motion,
although actual ground motions are comprised of both horizontal and vertical components. In several
recent earthquakes very strong vertical ground motions have been recorded, raising great concern over
the potential effect of vertical motion on engineering structures. Being a step toward addressing this
concern, this paper presents a simple and practical procedure for analysis of site response to both
horizontal and vertical earthquake motions. The procedure involves the use of the dynamic stiffness
matrix method and equivalent-linear approach, and is built in the modern MATLAB environment to take
full advantages of the matrix operations in MATLAB. The input motions can be specified at the
soil-bedrock interface or at a rock outcropping. A detailed assessment of the procedure is given, which
shows that the procedure is able to produce acceptable predictions of both vertical and horizontal site

responses.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Characteristics of earthquake ground motions at a given site
are strongly influenced by site conditions such as subsurface soil
properties and stratigraphy. This site effect is commonly known as
soil amplification although the name may be misleading, since
there is in fact amplification in certain range of frequencies and
deamplification in others. Evaluation of site response is one of the
crucial problems in earthquake engineering. Practicing engineers
rely on the response analysis to predict ground surface motions
and dynamic stresses and strains in the ground, which are
important information for seismic design of various superstruc-
tures and underground facilities.

SHAKE [1] is among the first computer programs developed for
the purpose of ground response analysis. This program is based on
the one-dimensional wave propagation theory and computes the
response of a horizontally layered soil-rock system to vertically
traveling shear waves using a recursive algorithm. The nonlinear
behaviour of soils during earthquake excitation is modeled
through an iterative equivalent-linear approach. Over the past
three decades, a number of procedures and computer programs of
various sophistications, such as truly nonlinear modelling in time
domain and fully coupled liquefaction analysis (e.g. see [2]), have
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been developed for ground response analysis. Nevertheless,
SHAKE, with its latest version known as SHAKE91 [3], appears
to remain most popular in practical applications. This may be due
primarily to its simplicity in modelling and acceptable predictive
performance. In recent years, useful efforts have been put into
modification of SHAKE by using some modern development
platforms such that it is more user-friendly [4,5]. These newly
developed computer programs essentially follow the same
concept and formulation as SHAKE.

During an earthquake the site in question is not only subjected
to horizontal shaking, but also to vertical vibration. Site response
to vertical earthquake motion, compared with that to the
horizontal shaking, appears to have received much less attention.
Current practice has tended to focus on the effect of horizontal
motion and simply disregard the vertical component. This practice
is partly due to the consideration that engineering structures have
adequate resistance to dynamic forces induced by the vertical
ground motion, which is generally smaller in magnitude and
richer in high frequencies than its horizontal counterpart. If the
effect of vertical motion is explicitly included in earthquake-
resistant design, it is typically assumed that the ratio of vertical to
horizontal (V/H) response spectra will not exceed two-thirds over
the range of periods of interest [6]. In the pseudostatic analyses,
the peak vertical acceleration is usually assumed to be a half or
two-thirds of the peak horizontal acceleration [7].

It is worth noting, however, that very strong vertical ground
motions have been repeatedly recorded in recent earthquake
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Nomenclature

hm thickness of soil layer, m

E Young’'s modulus of soil

E.E*. constrained modulus and complex constrained mod-
ulus of soil

G,G* shear modulus and complex shear modulus of soil

k.k complex wave numbers of horizontal and vertical

motion respectively
NmNm+1 normal forces at tops of layer m and m+1
t time

Tm,Tm+1  shear forces at tops of layer m and m+1
TRn Transfer function between layer n and layer m
u horizontal displacement

U amplitude of horizontal displacement

VsVp shear wave velocity and compressional wave velocity,
respectively

w vertical displacement

w amplitude of vertical displacement

z depth

o complex impedance ratio for horizontal motion

e damping ratios of soil for horizontal and vertical
motion, respectively

il viscosity coefficient for vertical motion

P mass density of soil

v Poisson’s ratio of soil

) circular frequency

events. For example, the vertical acceleration recorded during the
Northridge earthquake of 1994 was as large as 1.18g (g is the
gravitational acceleration) and the recorded ratio between the
peak vertical and horizontal accelerations exceeded 1.5 [8]. During
the Kobe earthquake of 1995, the downhole arrays installed at a
reclaimed site recorded the peak ground acceleration in the
vertical direction of being twice as high as the peak horizontal
acceleration [9].

Keeping these observations in mind, great concern has arisen
over the potential effect of vertical ground motion on engineering
structures. To well address this emerging problem, the behaviour
of site response to both vertical and horizontal earthquake
motions needs to be investigated firstly. In this paper, a simple
and practical procedure for this purpose is presented. The
procedure uses the dynamic stiffness matrix method rather than
the conventional recursive algorithm, and it retains the simplicity
in nonlinear soil behaviour modelling through the equivalent-
linear approach. The applicability of the procedure is evaluated
against SHAKE in terms of horizontal site response and against
downhole array records in terms of multi-directional site
response.

2. Methodology and formulation

In real seismic environment, the ground motion amplification
is very complicated. The amplification in either horizontal or
vertical direction may be related to surface waves and the
conversion between shear and compressional waves (e.g.
[10,11]). Nevertheless, it has been well accepted in geotechnical
analyses that the amplification of horizontal motion relates
mainly to vertically propagating shear waves and the amplifica-
tion of vertical motion relates mainly to vertically traveling
compressional waves.

2.1. Response to horizontal earthquake motion

Consider vertically propagating shear waves in a viscoelastic

soil layer (Fig. 1). The equation of motion is given by
%u Lo%u

roe =% M
where u is the horizontal displacement at depth z, p is the mass
density of soil, and G* represents the complex shear modulus,
defined as G* = G(1+2i{). Here { is known as the damping ratio.

Assuming steady-state harmonic waves with the frequency o,
the solution of Eq. (1) is readily given as

Uz, t) = (Eeikz + Fe—ikZ)eiwt — U(Z, a))eiu)t (2)

where the first term Ee'*? represents the incident wave traveling in
the negative z-direction (upward) and the second term Fe '**
represents the reflected wave traveling in the positive z-direction
(downward). The parameter k is known as wave number given by
k=+/pw?/G*.

For a multi-layered soil-bedrock system shown in Fig. 1, the
following recursive formulas can be established by using the
above solution and considering the continuity conditions of
displacements and tractions between layers m and m+1:

Emy1 = 3Em(1 + otm)enim 4 2F (1 — o) Hnfim
Fni = lEm(‘l - “m)eik'"hm + %Fma + O‘m)e_ikmhm (3)
where h,, is the thickness of layer m and o, the impedance ratio

defined as opy = \/(pmG*,‘n)/(pmHG,*nH).

The recursive procedure is started at the top free surface and
then applied successively to layer m. The transfer function TR,
relating the displacements at tops of layers m and n is defined as

Un(w)
Un(e) )

The recursive formulation described above has been adopted in
many programs for site response analysis (e.g. [3-5]).

Rather than using the recursive procedure, an alternative
formulation involving the dynamic stiffness matrix [12,13] is used
here. Referring to Fig. 1, the tractions at the top and bottom of
layer m, T, and T,,+1, can be given by

TRmn(w) =

Trrz = _G*Um,z(zm = 0), Tm+1 = G*Um,z(zm = hm) (5)

The dynamic force-displacement relationship can then be
established for layer m as

Tn@) | _ Un(®) ]
Tiny1(w) = Bm(@)] Uni1() (6)

Here [S;,(w)] is the dynamic stiffness matrix given by

Am  Bm
Sm(w)] = |:Bm Am:| (7)
in which
_ VPG __ VPuGn®
Am = sin(kmhm) cos(kmhm).  Bm = — sin(kyhm) (8)

By assembling the stiffness matrix of each layer, the total
stiffness—displacement relationship for the layered system is
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Fig. 1. Soil-bedrock system subjected to incident shear waves.

2.2. Bedrock motion versus rock outcropping motion

To solve the equation,

Bn—3 An—3 +An—2 anz
Bn—Z An—z +An—1 Bn—l
(9)
the earthquake motion input

into the soil-bedrock system needs to be specified. As shown
in Fig. 2, there are two ways to specify the input motion:

A By
Bi A1+A; B
B, Ay + A3 B3
B3 As +A,
By 3 An—3 +An—2 By >
By An—2 +An—l
Bn_1

Outcropping
rock motion

R
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motion
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@
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e

Bedrock motion

Fig. 2. Bedrock motion versus outcropping rock motion.

bedrock motion and rock outcropping motion. If the input
motion is at the interface between the soil and bedrock, that is,
given U, the motions in all layers can be computed directly from
Eq. (9). If rock outcropping motion is given, however, a radiation
dashpot with the damping coefficient of prockVsrock [14] is
introduced to radiate the energy from the soil to the bedrock.
Here, prock and vsrock are the mass density and shear wave velocity

of the rock. As a result,

the displacement-force relationship

becomes
1( U 0
U 0
Us 0
U
s L_] 0 (10)
Bn—] Un—l 0
An 1+ Sn U, SaUc
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where U is the displacement at the rock outcropping and
Sn = iprockVsrockw. From Eq. (10) the motions in all layers can be
solved subsequently.

2.3. Nonlinear soil behaviour

The nonlinear behaviour of soil, as illustrated in Fig. 3, has been
well established in geotechnical engineering (e.g. [15-17]). To
approximate the nonlinear response of a soil, a modulus reduction
curve and a damping ratio curve need to be established and an
equivalent-linear approach can be utilized. In this analysis, the
strain vector obtained in the frequency domain is transformed
into the time domain by using the inverse Fourier transformation.
The maximum strain level is scaled by a factor (typically 0.65) to
give an effective strain level, which is then used for the
determination of the corresponding shear modulus and damping
ratio for the next iteration. The process is repeated until the
difference between the modulus reductions and damping ratios
computed in two adjacent iterations is within an acceptable
tolerance.

2.4. Response to vertical ground motion

The problem of vertical site response can be simplified with a
one-dimensional wave propagation model involving vertical
displacement w:

ﬁziw_ *w _ w
o~ oz T azat

where E. is the constrained modulus and # is the viscosity
coefficient. They are defined, respectively, as

(11)

_ 1-v N_ZECZ
EC_(] +v)(1 —ZU)E’ ="

(12)

where E is the Young’s modulus, v is the Poisson’s ratio, and ( is
the damping ratio for vertical motion.
The solution of (11) has the form as

W(z, t) = (Cel® + De~1k)ei®t — W(z, w)el®t (13)

where the first term Cei represents the incident wave traveling
in the negative z-direction (upwards) and the second term De~k
represents the reflected wave traveling in the positive z-direction
(downwards). The parameter k is wave number given by
k= /pw?JE%, with the complex modulus Ef = E.(1 + 2if).

T

l(Go AG1Z(G2

A

. \/ PmES, @ .
A Lcos(kmhm),

Referring to Fig. 4, the force-displacement relationship for
layer m can be established as

Nn(@) | _ o Win(e) y
Noa(@) [ = BN w, ) (14)
where

s Am Bn
[Sm(w)] = B A,

\/ PmEe, @
m=—t— m=—— (15)
sin(kmhm) sin(kmhm)

By assembling the stiffness matrix of each layer, the total
stiffness—displacement relationship for the layered system is given by
‘A, B, :
B] A] +A2 Bz

Ez Az +A3 B3

B3 Ag + A4
Bn—3 An—3 +An—2 anz
L anz An—z +An—1 anl i
Wiy 0
W, 0
W3 0
x{ Wgq =20 (16)
Wi 0
Wi 0

Similarly, if the input motion is specified at the interface between
the soil and bedrock, then motions in all layers can be computed
directly from Eq. (16). If given the outcropping vertical motion, a
radiation dashpot with the damping coefficient of prockVprock 1S
introduced to radiate the energy, where procc and Vproci are the mass
density and compressional wave velocity of the rock. As a result, the
response can be computed using the following matrix:
(A, B

By Al +A2 B,
B, Ay+As B
E; As + A4

q
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Fig. 3. Strain-dependent shear modulus and damping.
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Fig. 4. Soil-bedrock system subjected to incident compressional waves.

Wi 0
W, 0
Ws 0
w 0
U R (17)
Wn—l
Wi SnWe

where W, is the displacement at the rock outcropping and
Sn = iprockVPl'QCka)'

2.5. Degradation of constrained modulus

While it has been widely accepted that the shear modulus and
damping ratio are shear strain dependent, laboratory test data for
the constrained modulus and the damping ratio of compressional
waves is scarce. Here, the assumption of constant Poisson’s ratio is
introduced such that the degraded shear modulus and shear wave
velocity can be transformed to constrained modulus and com-
pressional wave velocity through the following relationship:

E

As for the damping ratio of vertical motion, current under-
standing is even limited. For the first instance, it is assumed to
take the same value of the damping ratio yielded from the
horizontal site response analysis.

2(1 — U)v

1-2v (18)

3. Procedure validation

A computer programme named PASS has been developed
based on the formulation outlined above [18]. The programme is
built in the modern MATLAB environment so as to take full
advantages of the matrix operations in MATLAB.

T
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Fig. 5. Hypothesized site for validation.

3.1. Comparison with SHAKE

Firstly the reliability and accuracy of PASS as compared
with SHAKE in terms of horizontal site response needs to be
assessed. Fig. 5 shows a hypothesized soil site for the purpose of
assessment. It comprises a top clay layer of 10m and an
underlying sand layer of 20m. The shear wave velocities of
the clay and sand are 170 and 350 m/s, respectively, and the site
can be classified as stiff-soil site (Sp type) according to the UBC
site classification system. The shear modulus reduction curve and
damping curve suggested by Seed and Idriss [15] for sand are
employed to represent the sand behaviour, whereas the modulus
reduction and damping curves used here for the clay are taken
from the proposal of Sun et al. [17].

The transfer function of the site for the horizontal motion is
computed using PASS and SHAKE91, respectively, and the results
are compared in Fig. 6. In the computation, the soil is assumed
either to be elastic or viscoelastic with the damping ratio of 5%
and 10%, respectively. It is clear that the results produced by PASS
are in good agreement with those by SHAKE. Both programs
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predict the fundamental site frequency of about 2.62 Hz for the
two-layer site. The motion amplitude at the ground surface is
amplified when seismic waves travel from the base to the surface
and the magnitude of amplification decreases with increasing
damping.

Fig. 7 shows the ratio between base motion amplitude and
outcropping motion amplitude as a function of frequency. Note
that SHAKE calculates the spectral ratio based on the following
analytical transfer function:

En(w) + Fp(w)

TRm,n(w) = 2En (CL))

(19)

Here 2E,(w) indicates that the incident waves are identical with
the reflected waves at the rock outcropping. In PASS, however,
the spectral ratio is evaluated directly based on Eq. (10).
The comparison shown in Fig. 7 shows the reliability and accuracy
of PASS in handling the outcropping rock motion. The base
motion amplitude, compared with the outcropping motion
amplitude, is reduced at frequencies between site fre-
quencies and this reduction is dependent on the damping. At
zero damping the base motion amplitude becomes zero at site
frequencies.

Now, consider the nonlinear response of the two-layer site
subjected to horizontal earthquake shaking. The time histories of
the input motion are shown in Fig. 8, which is the east-west
component of the acceleration recorded at the Diamond Heights
rock station during the 1989 Loma Prieta earthquake. The peak
acceleration of this record is 0.113 g. The input motion is specified
at rock outcropping. The acceleration time histories at the ground

surface computed using PASS and SHAKE are compared in the top
two plots in Fig. 8. Fig. 9 presents the time histories of shear stress
and shear strain at the depth of 15 m from PASS and SHAKE. Again,
it is observed that the difference between the results produced by
PASS and SHAKE is negligible. The good agreement is also

Ground surface motion (PASS)

Acc (m/s/s)

3 . . .
0 5 10 15 20

Ground surface motion (SHAKE)

Acc (m/s/s)
i

-3 . . .
0 5 10 15 20

Input outcropping motion

Acc (m/s/s)

0 5 10 15 20
Time (s)

Fig. 8. Input horizontal motion and computed ground surface motion.

0 5 10

15 20 25
Frequency (Hz)

Fig. 6. Spectral ratio between surface motion and base motion.

0 5 10

5 20 25

Frequency (Hz)

Fig. 7. Spectral ratio between base motion and outcropping motion.
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observed in Fig. 10 where the distributions with depth of the shear
strain, shear modulus reduction and damping ratio are presented.
An alternative comparison is given in Table 1, which gives values
of the peak shear strain, peak shear stress and degraded shear
modulus at various depths. Note that the iteration number
required by PASS is 5 as compared with the iteration number 8
required by SHAKE.

The major differences in the numerical implementation of the
program PASS and SHAKE91 can be summarised as follows:

(a) PASS assembles a dynamic stiffness matrix for the layered
soil-rock system to compute the response and avoid the use of
the recursive algorithm in SHAKE91. The responses of all
layers are solved at one running. In SHAKE91, however, the
user needs to specify beforehand the layers for which their
responses need to be computed.

(b) PASS is developed in the modern MATLAB environment. It
uses a different fast Fourier transform (FFT) routine. The
routine computes the discrete Fourier transform (DFT) in one
or more dimensions, of arbitrary input size, and of both real
and complex data. This allows less restriction for the earth-
quake input motion than SHAKE91.

(c) PASS uses a more efficient and robust procedure to iterate
toward strain compatible soil properties, whereas in SHAKE91
the user has to specify the iteration number beforehand. The
last iteration required to drop the modulus and damping error
within the specified error tolerance in PASS generally
produces smaller final errors than the last iteration for the
same error tolerance in SHAKE91.

3.2. Verification using downhole array records

The downhole array records obtained at the Turkey Flat test
site in California are used in the validation. The test site is at
Parkfield which lies along the segment of the San Andreas
Fault [19]. The sediments in the site are comprised mainly of
the silty clays and clayey sands. Strong seismographs were
installed in a borehole in the valley center of the site (Fig. 11).
The simplified soil profile at the borehole location, based on
a comprehensive site investigation programme [19], is shown in
Fig. 12. The top layer consists of dark brown silty clay of about
2.4m and the underlying layer consists of primarily clayey sand
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Fig. 9. Computed time histories of (a) stresses and (b) strains at depth of 15 m.
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Fig. 10. Computed profiles of (a) peak shear strain, (b) shear modulus reduction and (c) damping ratio.
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Table 1
Comparison of results from PASS and SHAKE
Depth (m) Peak shear strain (%) Shear modulus (kPa) Peak shear stress (kPa)
SHAKE PASS RD (%) SHAKE PASS RD (%) SHAKE PASS RD (%)

1 0.00778 0.00774 -0.5 49,600.4 49,614.0 0.0 3.86 3.84 -0.5

3 0.02423 0.02408 —0.6 45,811.1 45,842.0 0.1 11.10 11.04 -0.6

5 0.03886 0.03861 -0.6 43,328.8 43,363.0 0.1 16.84 16.74 -0.6

7 0.04816 0.04775 -0.9 41,531.5 41,608.0 0.2 20.00 19.87 -0.7

9 0.04779 0.04753 -0.5 41,601.5 41,650.0 0.1 19.88 19.80 -04
11 0.00877 0.00877 0.0 206,818.4 206,830.0 0.0 18.14 18.14 0.0
13 0.00927 0.00927 0.0 205,555.4 205,560.0 0.0 19.05 19.06 0.0
15 0.01037 0.01037 0.0 202,502.0 202,510.0 0.0 21.00 21.00 0.0
17 0.01175 0.01175 0.0 197,962.4 197,970.0 0.0 23.26 23.26 0.0
19 0.01324 0.01323 -0.1 193,622.1 193,660.0 0.0 25.64 25.62 —-0.1
21 0.01437 0.01435 —-0.1 190,634.2 190,690.0 0.0 27.39 27.36 —-0.1
23 0.01487 0.01485 —0.1 189,384.1 189,440.0 0.0 28.16 28.13 —-0.1
25 0.01462 0.01461 -0.1 190,023.1 190,040.0 0.0 27.78 27.76 -0.1
27 0.01383 0.01382 -0.1 192,045.8 192,050.0 0.0 26.56 26.54 -0.1
29 0.01242 0.01243 0.1 195,949.8 195,920.0 0.0 2434 24.35 0.1

Note 1: RD (relative difference) = (PASS/SHAKE)—1 (in percent).
Note 2: Iteration number of SHAKE = 8; Iteration number of PASS = 5.
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Fig. 11. Plan and section view of Turkey Flat test site (after [19]).
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having higher concentrations of sandy clay and gravel. The mass
densities of the silty clay and the clayey sand are 1500 and
1900 kg/m?>, respectively. The shear wave velocity increases from
135 m/s in the silty clay to 460 and 610 m/s in the clayey sand. The
compressional wave velocity varies from 320 in the top layer to
970m/s in the bottom layer. The site can be classified as the
shallow stiff-soil site (Table 2).

The site was subjected to an earthquake on September 28,
2004 and the time histories of accelerations were successfully

Velocity (m/s)

J. Yang, X.R. Yan / Soil Dynamics and Earthquake Engineering 29 (2009) 710-721

recorded at the surface and depths. In this study, the accelerations
in the east-west and up-down directions recorded by the
accelerometer at the depth of 11m are used as the bedrock
input motions (see Fig. 13). The shear modulus reduction
curve proposed by Sun et al. [17] for clay with the plasticity
index between 20 and 40 is assumed to approximately represent
the nonlinear behaviour of the soils at the site (Fig. 12).
The attenuation properties of the soils measured using field
seismic methods [19] showed a significant scatter, but basically

0 500 1000 1500
A 0 . .
Silty 08 r
Clay - 06 |
&0
O 04t
5| 02
Vs Vp 0
£
Clayey| & 40
Sand 8
30
10 | =
® 20
N
A 10 b
0
0.0001
15

0.001 0.01 0.1 1 10
Shear strain (%)

Fig. 12. Soil profile of Turkey Flat test site.

Table 2
Properties of soils at Turkey Flat test site (after [19])

Layer Depth (m) Soil description Shear wave velocity (m/s) Compressional wave velocity (m/s) Mass density (kg/m?) Poisson’s ratio
1 0-2.4 CL 135 320 1500 0.3917
2 2.4-7.6 Ne 460 975 1800 0.3568
3 7.6-11 Ne 610 975 1900 0.1784
a b
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Fig. 13. Ground motion records: (a) horizontal and (b) vertical.
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showed high values. For example, the measured damping 8
ratio of shear waves in shallow soils ranges from as low as
5% to as large as 30%, and these values are for frequencies be-
tween 25 and 70Hz. For simplicity, the upper bound damping
ratio curve proposed by Sun et al. [17] for clay soil is used here ¢ Hecords 10 |
(Fig. 12).
v

In Fig. 14, the time histories of the ground surface accelerations
in both horizontal and vertical components computed by PASS are
compared with the records. A fairly good agreement is obtained
for both components. This agreement is also observed in the
response spectra shown in Fig. 15. Fig. 16 shows the distributions
with depth of peak accelerations and velocities in both compo-
nents superposed with the recorded values. The accuracy of these
predictions produced by PASS appears to be acceptable. The
calculated time histories of shear stress and shear strain at various
depths are shown in Figs. 17 and 18 presents the predicted time
histories of normal stress and normal strain at different depths.
This information is useful in the analysis of underground
structures and liquefaction potential assessment.

4. Concluding remarks

Current practice in earthquake ground response has tended to
focus on the horizontal motion and simply disregard the vertical
motion. Aimed at addressing an emerging problem on the effects

Fig. 16. Predicted distributions of peak acceleration and velocity with depth.

of vertical ground motion, a simple and practical procedure has
been presented in this paper for the analysis of site response to
both horizontal and vertical earthquake motions. The procedure
uses the dynamic stiffness matrix method rather than the
conventional recursive algorithm, and retains the simplicity in
nonlinear soil behaviour modelling through the equivalent-linear
approach. The assumption of constant Poisson’s ratio is intro-
duced to derive the degraded constrained modulus for vertical site
response, and the damping ratio of the vertical motion is assumed
to be the same with that yielded from the horizontal site response.
The procedure can handle both the bedrock and rock outcropping
input motions and for the latter case viscous dampers are
employed to radiate the energy of seismic waves. The detailed
assessment of the procedure indicates that it is able to produce
reasonable predictions for both horizontal and vertical responses.
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