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Abstract
The mechanical behavior of silty sand is highly dependent on the percentage of fines in addition to the packing density and

confining pressure. Properly modeling the diverse behavior of silty sand remains an area of difficulty and uncertainty. This

paper presents an attempt to formulate a critical state-based constitutive model for sand with varying fines content based on

several new laboratory findings. A marked feature of the model is a unified description of the state-dependent elastic

modulus as well as a unified description of plastic hardening modulus such that only one set of elastic and hardening

parameters is required for sand with different fines contents. The model is calibrated and validated using the results from a

structured experimental program. It shows that the model can produce reasonably good predictions for undrained shear

responses of sand specimens under a range of void ratios, confining stresses and fines contents. In particular, it successfully

predicts the laboratory observation that under otherwise similar conditions, the presence of non-plastic fines increases the

liquefaction susceptibility of sand.
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List of symbols
Ae Fitting parameter of G using F(e)

ae Fitting parameter of G in F(e)

Aw Fitting parameter of G using F(w)
aw Fitting parameter of G in F(w)
C0 Model parameter in Cr

Cr Reduction factor for elastic shear

modulus

D Dilatancy

d0 Dilatancy parameter

deq Deviatoric strain increment

deq
e Elastic deviatoric strain increment

deq
p Plastic deviatoric strain increment

dev Volumetric strain increment

dev
e Elastic volumetric strain increment

dev
p Plastic volumetric strain increment

e Void ratio

e0 Initial void ratio prior to shearing (i.e.,

post-consolidation void ratio ec)

eC Intercept of critical state line (CSL) in

the e - (p0/Pa)
n plane

F(e) Void ratio function

f(X1, X2, X3…) Function of X1, X2, X3…
F(w) State parameter function

FC Fines content (%)

fc Fines content in decimal

G Elastic shear modulus

h, h1, h2 Hardening parameters

K Elastic bulk modulus

k Pressure exponent of modulus

k1 Model parameter in Cr

Kp Plastic hardening modulus

L Loading index

m Dilatancy parameter

M Stress ratio (g) at critical state
n Hardening parameter

p0 Mean effective stress

pc
0 Post-consolidation pressure (i.e., initial

mean effective stress)

Pa Reference stress equaling to 1 atm

PSD Particle size distribution

PTS Phase transformation state

q Deviatoric stress

R Roundness of sand particle

Rcomb Combined roundness

UIS Undrained instability state

a Model parameter in Kp

eq Deviatoric strain
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eq
e Elastic deviatoric strain

eq
p Plastic deviatoric strain

ev Volumetric strain

ev
e Elastic volumetric strain

ev
p Plastic volumetric strain

f Accumulated plastic deviatoric strain

g Stress ratio q/p0

gpeak Stress ratio (g) at peak state

gPTS Stress ratio (g) at phase transformation

state

kc Magnitude of the slope of CSL

m Poisson’s ratio

n Pressure exponent of CSL formulation

ucs Critical state friction angle

w State parameter

w0 Initial state parameter prior to shearing

1 Introduction

It is widely recognized that the mechanical behavior of

sand is highly dependent on the packing density and con-

fining pressure. The fines content (FC) is another important

factor that can significantly alter the shearing resistance of

sand. Several laboratory investigations have shown that the

effect of fines can be either beneficial or detrimental

[10, 18, 19, 21, 29, 41, 46]; the contradictory effects are

partly due to the use of different density variables for

comparison [42]. Based on a detailed investigation into the

rationale of different density variables, Yang et al. [42]

suggested that the usual global void ratio (e) remains a

proper density variable as compared with the skeleton void

ratio and the equivalent inter-granular void ratio. When

compared at the same post-consolidation global void ratio,

the presence of non-plastic fines is to increase the lique-

faction potential of sand [41, 42], as shown in Fig. 1 for

Toyoura sand mixed with crushed silica silt [42]. More

recently, several laboratory studies have also found that the

elastic shear modulus (G) of sand tends to decrease with

the addition of non-plastic fines [32, 38]. The effects of

fines along with the effects of density and confining stress

make it difficult to characterize the behavior of silty sand

of varying fines content.

As far as the elastic property is concerned, a noteworthy

finding from recent experiments [38] is that the shear

modulus can be described in a more rational way through a

state parameter function, F(w), instead of the traditional

void ratio function F(e). Here, the state parameter w,
defined by Been and Jefferies [1] in the framework of

critical state soil mechanics (CSSM), is a measure of how

far the material state is from the critical state in terms of

density. It has also been found that several key aspects of

the sand behavior observed in the laboratory, including

onset of flow liquefaction [36] and cyclic liquefaction

resistance under symmetric and non-symmetric loading

[40], can be characterized using the state parameter. A

number of critical state-based constitutive models have

adopted the state parameter to simulate the shear behavior

of sand [2, 3, 8, 12, 28, 37, 44, 45]; calibration and vali-

dation of these models have been mainly based on test data

on clean sand. When these models are applied to silty

sands, FC-specific model parameters are generally

required. This implies that a clean sand mixed with dif-

ferent percentages of fines need to be treated as different

materials.

0

200

400

600

800

1000

0 200 400 600 800

p': kPa

q:
 k

P
a

0

200

400

600

800

1000

0 5 10 15 20 25 30 35
εa: %

q:
 k

Pa

Toyoura sand

Toyoura sand 
with 5% fines

Toyoura sand 
with 15% fines

e=0.867

e=0.862

e=0.870

Fig. 1 Experimental observation on the effects of fines on the monotonic mechanical behaviors of sands and silty sands [42]
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The elastic modulus is an essential element of any

elastoplastic constitutive model and it affects the stress–

strain relationship through the general stiffness matrix

[22, 34]. A proper description of the elastic behavior of

soils plays an important role in performance-based designs

of geotechnical structures. This paper presents an attempt

to formulate a simple constitutive model for sand with

different quantities of fines, which incorporates the state-

parameter dependence of elastic modulus, as observed in

recent experiments, and a state-parameter-dependent plas-

tic hardening modulus. Calibration and validation of the

model are conducted using data sets from a structured

experimental program on sand-fines mixtures.

2 Constitutive framework

For the sake of clarity, the model is formulated in the

standard triaxial space using the platform of [12]. The yield

surface f(p, q, g) is given as:

f p0; q; gð Þ ¼ q� p0g ¼ 0 ð1Þ

where p0 is the mean effective stress, q is the deviatoric stress

and g is the stress ratio. The loading index (L) is defined as:

L ¼ 1

Kp

of

oq
dqþ of

op0
dp0

� �
¼ 1

Kp

p0dg ð2Þ

where Kp is the plastic hardening modulus to be defined

later. The non-associated flow rule is adopted to define the

plastic strain increments as:

depq ¼ L ¼ 1

Kp

p0dg

depv ¼ LD ¼ D

Kp

p0dg

8>><
>>:

ð3Þ

where deq
p and dev

p are the plastic deviatoric strain incre-

ment and the plastic volumetric strain increment, respec-

tively, and D is the dilatancy. By assuming the additive

decomposition of strain measurements, the following

equations can be obtained:

deq
dev

� �
¼

1

3G
þ 1

Kp

� g
Kp

D

Kp

1

K
� Dg

Kp

2
664

3
775 dq

dp0

� �
ð4Þ

Reversing Eq. (4) gives the general elastoplastic constitu-

tive relationship as follows:

dq

dp0

� �
¼

3G 0

0 K

� �
� h Lð Þ
Kp þ 3G� KgD

�

� 9G2 � 3KGg

3KGD �K2gD

� ��
deq
dev

� �
:

ð5Þ

2.1 Implementation of CSSM

2.1.1 Elastic moduli

The following equation has been widely used to describe

the elastic shear modulus for sand [7, 32]:
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Fig. 2 a FC-specific G–e relationships (after [38]), b parameter Ae

decreases with increasing fines content (after [38])
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G ¼ AeF eð Þ p0

Pa

� �k

¼ Ae

ae � eð Þ2

1þ e

p0

Pa

� �k

ð6Þ

where Ae, ae and k are fitting parameters, Pa is the atmo-

spheric pressure. Laboratory studies using the bender ele-

ment or resonant column technique have found that the

addition of non-plastic fines to clean sand can alter the

elastic stiffness of sand [33, 38], as shown in Fig. 2a for

clean Toyoura sand mixed with different percentages of

silica silt. It is clear that when compared at the same post-

consolidation void ratio and confining stress, the elastic

shear modulus (G) decreases with increasing fines content

(up to a threshold fines content of * 30%). This implies

that a constitutive model using the traditional void ratio

formulation of elastic modulus given in Eq. (6) requires

FC-specific model parameters. Even after the G values are

corrected by a void ratio function, e.g., F(e) = (2.17 - e)2/

(1 ? e), the parameter Ae remains a function of FC, as

shown in Fig. 2b.

When measured G values are plotted as a function of the

state parameter (w) corresponding to the post-consolidation

state, the effect of fines content can be unified such that G

values decrease with increasing w in a consistent manner,

as shown in Fig. 3. This significant finding eventually leads

to a state-parameter-dependent elastic shear modulus as

follows [38]:

G ¼ AwF wð Þ p0

Pa

� �k

¼ Aw
aw � w
� 	2
1þ w

p0

Pa

� �k

ð7Þ

where Aw, aw and k are fitting parameters. Yang and Liu

[38] have shown that the notion of w-dependent shear

modulus applies to different sand-fines mixtures including

a natural silty sand [6].

The elastic bulk modulus, K, can be obtained by mea-

suring the compressional wave velocity, and a similar state-

parameter dependence of K is anticipated. Alternatively, K

can be estimated by the following relation:

K ¼ G
2 1þ mð Þ
3 1� 2mð Þ ð8Þ

where m is Poisson’s ratio. If the common assumption of

constant m is adopted, then a state-parameter-dependent

K is straightforward.

2.1.2 Dilatancy

The dilatancy, D, is given as follows [12]:

D ¼ d0

M
M exp mwð Þ � g½ � ð9Þ

where d0 and m are model parameters. The above equation

indicates a state-dependent flow rule.
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Fig. 3 FC-unified elastic G–w relationship for different confining pressures: a p0 = 100 kPa, b p0 = 200 kPa, c p0 = 400 kPa, d p0 = 500 kPa

(after [38])
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2.1.3 Plastic hardening modulus

The plastic hardening modulus, Kp, is given below to

capture the softening response of sand:

Kp ¼
hG exp nwð Þ

g
M exp � nwð Þ � g½ � ð10Þ

where h and n are model parameters. The parameter h is a

hardening parameter that was originally proposed as a

function of the initial void ratio as [11]

h ¼ h1 � h2e0 ð11Þ

where h1 and h2 are two positive fitting parameters. Li [11]

mentioned that the state parameter may not be used for

h because an increase in state parameter can be achieved by

either increasing the void ratio or the effective stress.

However, an increased void ratio may decrease Kp,

whereas an increased effective stress may increase Kp. In

other words, a change of state parameter (Dw) can cause

ambiguous effects on Kp if Dw corresponds to changes in

void ratio and effective stress at the same time. Similarly,

opposite effects exist for the state-parameter-dependent

G as described in Eq. (7), but the effects are minor. This is

probably because the effect of effective stress on Kp or

Table 1 Undrained triaxial tests for calibration [15]

Test ID FC (%) ec
a pc

0: kPaa w0
a

TS-IC015 0 0.928 500 0.044

TS-IC016 0 0.894 500 0.010

TS-IC017 0 0.878 500 - 0.006

TSS10-IC007 10 0.880 300 0.037

TSS10-IC009 10 0.880 500 0.062

TSS10-IC010 10 0.901 500 0.083

TSS20-IC007 20 0.846 500 0.082

TSS20-IC010 20 0.834 300 0.043

aAfter consolidation and before shearing
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Fig. 4 Toyoura sand and crushed silica silt for laboratory tests. a Particle size distribution, b SEM images of the materials
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G through state parameter is minor when compared with

that through the exponential term of the effective stress,

(p0/Pa)
k. Thus, the parameter h may be given as a function

of the initial state parameter (w0) as follows:

h ¼ h1 � h2w0 ð12Þ

where values of h1 and h2 are different from those in

Eq. (11). In the next section, the state-parameter depen-

dence of h will be verified using test data.

To incorporate the effects of accumulated plastic strain

on the plastic hardening modulus and to facilitate the

simulation of the undrained cyclic response of sand [30],

Kp may be further modified as follows:

Kp ¼
1

1þ af
hG exp nwð Þ

g
M exp � nwð Þ � g½ � ð13Þ

where a is a positive fitting parameter, and f is the accu-

mulated plastic deviatoric strain to be calculated using the

following equation:

f ¼
Z

depq




 


: ð14Þ

3 Model calibration

The model parameters are calibrated based on a series of

laboratory tests on mixtures of Toyoura sand and crushed

silica fines [15, 38]. The particle size distribution curves

and SEM images of the base sand and the silica fines are

shown in Fig. 4. In the laboratory tests, the specimens

were prepared by the moist tamping method. The tests

used for calibration of the constitutive model are listed in

Table 1, and the calibrated parameters are summarized in

Table 2.

3.1 Critical state parameters

The critical state parameters can be obtained from a series

of monotonic triaxial tests. The critical state line in the e–p0

plane is represented by a power law as [14, 16, 37]:

e ¼ eC � kc
p0

Pa

� �n

ð18Þ

where eC is the intercept in the e - (p0/Pa)
n plane, kc is the

magnitude of the slope, and n is the pressure exponent

(with a typical value ranging from 0.6 to 0.8, see [14]). The

eC and kc of sand-fines mixtures were found to be functions

of fines content [41], as shown in Fig. 5, and can thus be

estimated by some empirical methods [25] after the critical

state line of the base sand is determined. The exponent n is

taken as 0.6 in this study, which is the best-fitted value

based on the test data of [15, 31].

The critical state stress ratio, M, can be readily deter-

mined from stress paths in the q–p0 plane. The critical state
friction angle (ucs) is largely affected by the roundness (R)

of sand particles [39]. The concept of combined roundness

[41], as defined below, can be adopted to characterize ucs

of silty sand:

Rcomb ¼ Rsand � 1� fcð Þ þ Rfines � fc ð19Þ

where fc is the fines content in decimal. The above relation

implies that, for a given series of sand-fine mixtures (and

hence similar shapes of coarse and fine particles), M is

generally a function of fines content (Fig. 5).

3.2 Elastic properties

Theoretically, the elastic shear modulus [Eq. (7)] should be

calibrated using experimental measurements at very small

strains. However, the common practice for elastic modulus

calibration is using the overall stress–strain relationship

from triaxial tests, and this may lead to the calibrated

Table 2 Calibrated parameters for moist-tamped Toyoura sand mixed with crushed silica silt

Critical state Elastic Dilatancy Hardening

FC 0 10% 20%

eC 0.9427 0.9117 0.8657 Aw (kPa) 41,330 d0 * h1 3.72

kc 0.0225 0.0357 0.0388 aw 1.36 m ** h2 29.78

k 0.4

n 0.6 0.6 0.6 C0 0.6 n 1.1

M 1.21 1.24 1.29 k1 2 a 500

m 0.2

*d0 = 0.65 for clean Toyoura sand, 0.6 for TSS10, and 0.55 for TSS20

**m = 3.5 for clean Toyoura sand, 2.5 for TSS10, and 2.0 for TSS20
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elastic modulus being much lower than the measurements

using dynamic methods such as bender element or resonant

column tests. For example, the elastic shear modulus of

Toyoura sand was calibrated using conventional triaxial

test data [12] and the strain level involved in the calibration

is around 10-4 [28]. This explains why the elastic modulus

in these studies is quite lower than that measured by Yang

and Liu [38] using the resonant column tests (Table 2). In

general, use of the elastic shear modulus determined by

dynamic methods can result in a very stiff stress–strain

response and the attainment of characteristic states, such as

phase transformation state or instability state, occurs at

relative small strain levels. Dafalias and co-workers

[17, 20] also noted this problem and suggested to reduce

the shear modulus from small-strain measurements by a

factor of 2–3. In this study, a reduction factor as given
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below is applied, which takes into consideration the

observed effect of stress ratio on the elastic shear modulus:

Cr ¼ 1� C0

g
gpeak

 !k1

ð20Þ

where C0 is a positive parameter less than 1, and k1 is also a

positive parameter. The value of C0 can be obtained by trial

and error to fit the stress–strain response of the test data.

The value of k1 can be taken as a fixed value of 2.

Similarly, the elastic bulk modulus K can be calibrated

by measuring the compressional wave velocity or using the

isotropic compression tests. In this study, K is determined

using Eq. (8) with the assumption of constant Poisson’s

ratio. Gu et al. [4] reported that the Poisson’s ratio of

Touyora sand ranges from 0.2 to 0.25 depending on void

ratio and mean effective stress. For simplicity, the Pois-

son’s ratio is assumed here to be a constant.

3.3 Dilatancy parameters

The dilatancy parameter m in Eq. (9) can be determined for

D = 0 at the phase transformation state (PTS), where

g = gPTS. Therefore, m can be solved as follows:

m ¼ 1

wd

ln
gPTS
M

� �
ð18Þ

where wd is the state parameter at PTS. The value of m may

vary for different fines contents [15, 18].

The dilatancy parameter d0 can be determined by

drained triaxial tests as suggested by [12] or by undrained

triaxial tests if the incremental plastic strains are calculated

as follows:

depq ¼ deq �
dq

3G
ð19aÞ

depv ¼ dev �
dp0

G

3 1� 2mð Þ
2 1þ mð Þ ð19bÞ

Then, the value of d0 is obtained by fitting the D and

[(Md - g)/M] as given below (Fig. 6):

D ¼ d0
M exp mwð Þ � g

M
ð20Þ

The value of d0 may vary slightly for a given fines content,

and an average value is adopted (Table 2). The dilatancy

relationship for sand seems to depend on particle shape and

gradation (including fines content) [5, 24, 35]. Since there

is a lack of experimental data for characterization of this

dependency, the FC-specific dilatancy parameters d0 and

m are used in the present model (Fig. 7). Possible

improvement in this regard may be made when more data

are available.

3.4 Hardening parameters

The parameter n can be determined by the following

equation, which is derived from Kp = 0 when the peak

stress ratio state is attained (g = gpeak) during a drained

triaxial test:

n ¼ 1

wpeak

ln
M

gpeak

 !
ð21Þ

where wpeak is the state parameter at peak state. Because it

has a minor effect on the simulation results, the parameter

n is chosen as a constant independent of fines content.
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The parameter h can be determined by either drained or

undrained triaxial tests [12]. Using undrained triaxial tests,

it can be obtained by solving the following equation:

dq

dp0
¼ g� h

d0

M exp nwð Þ
g

M exp �nwð Þ � g
M exp mwð Þ � g

3 1� 2mð Þ
2 1þ mð Þ ð22Þ

Rearranging Eq. (22) into the following form:

V ¼ h � H ð23Þ

where

V ¼ g� dq

dp0

� �
d0

M
M exp mwð Þ � g½ � 2 1þ mð Þ

3 1� 2mð Þ ð24Þ

H ¼ exp nwð Þ
g

M exp �nwð Þ � g½ � ð25Þ

Parameter h can then be determined by plotting V against

H (Fig. 8). Clearly, this hardening parameter decreases

with increasing void ratio as shown in Fig. 9a, exhibiting

different h–e relationships for different fines contents. It is

also interesting to note the unified trend between h and the

initial state parameter that the parameter h decreases with

increasing initial state parameter (Fig. 9b). This trend is

independent of fines content. The effects of initial effective

confining pressure seem to be negligible, since the cali-

brated values of h are from tests with different initial

effective stresses. This suggests a state-parameter depen-

dence of parameter h that involves only a single set of h1
and h2. In this regard, both the elastic modulus and the

plastic hardening modulus are state-parameter dependent

and unified for different fines contents.
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4 Simulations

The calibrated parameters in Table 2 are used to predict the

undrained response of sand specimens with different fines

contents and under various initial conditions. In Figs. 10,

11 and 12, the simulated results are compared with the test

data reported by Liang [15] for specimens with FC = 0, 10,

and 20%. Because the dilatancy parameters and the critical

state parameters are only calibrated for three given FC

(Figs. 5, 7), and because of the lack of extra data, a linear

0

20

40

60

80

100

120

0 8 16 24 32

D
ev

ia
to

ri
c 

st
re

ss
 (k

Pa
)

Axial strain (%)

Exp.
Siml

0

20

40

60

80

100

120

0 30 60 90 120

D
ev

ia
to

ri
c 

st
re

ss
 (k

Pa
)

Mean effective stress (kPa)

Exp.
Siml

0

60

120

180

240

300

360

0 8 16 24 32

D
ev

ia
to

ri
c 

st
re

ss
 (k

Pa
)

Axial strain (%)

Exp.
Siml

0

60

120

180

240

300

360

0 90 180 270 360

D
ev

ia
to

ri
c 

st
re

ss
 (k

Pa
)

Mean effective stress (kPa)

Exp.
Siml

0

100

200

300

400

500

600

0 8 16 24 32

D
ev

ia
to

ri
c 

st
re

ss
 (k

Pa
)

Axial strain (%)

Exp.
Siml

0

100

200

300

400

500

600

0 150 300 450 600

D
ev

ia
to

ri
c 

st
re

ss
 (k

Pa
)

Mean effective stress (kPa)

Exp.
Siml

(a)

(b)

(c)

Fig. 10 Simulated flow type behavior of clean Toyoura sand compared with experimental data. a TS-IC002, ec = 0.951, pc
0 = 100 kPa, b TS-

IC014, ec = 0.922, pc
0 = 300 kPa, c TS-IC011, ec = 0.910, pc

0 = 500 kPa
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interpolation is used to obtain the parameters for other fines

contents. In Fig. 13, three undrained monotonic triaxial

tests for FC = 5 and 15% reported by Yang et al. [42] are

compared with the simulations. Table 3 includes the testing

information of the undrained triaxial tests used for model

validation.

In general, undrained monotonic behavior of clean and

silty sands can be categorized into two major types

[15, 26], namely flow type behavior (contractive behavior)

and non-flow type behavior (dilative behavior). The flow

type behavior is characterized by an instability state (i.e.,

undrained peak deviatoric stress state), and may exhibit

several other different features, such as the quasi-steady

state, depending on the density and initial effective stress.

The non-flow type behavior does not have the undrained

instability state nor the quasi-steady state. Nevertheless, it

may have a phase transformation state before the critical

state is attained. More detailed categorization and

description of the various behavior of sand are given in

[15, 26, 40].

4.1 Prediction of flow type behavior

The predicted flow type behavior is compared with the test

data in Figs. 10, 11, 12 and 13, for fines content ranging

from 0 to 20%. Note that the laboratory tests covered a

wide range of initial void ratio (from 0.787 to 0.951) and a

wide range of initial effective stress (from 100 to 500 kPa).

The predicted stress–strain curves, as well as the effective

stress paths, agree well with the test results. All simulation

results and test data exhibit the undrained instability state

and can thus be categorized as the flow type behavior.

Comparing the behavior in Fig. 10b, c for clean Toyoura

sand (TS), the two specimens have different initial states in

term of e and p0, but they exhibit similar undrained

response. This is reasonable as the initial state parameters

for the two specimens (Table 3) are similar (0.026 for TS-
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Fig. 11 Simulated flow type behavior of TSS10 compared with experimental data. a TSS10-IC007, ec = 0.880, pc
0 = 300 kPa, b TSS10-IC010,

ec = 0.901, pc
0 = 500 kPa
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IC011 and 0.023 for TS-IC014). Overall, the simulated

results agree well with the laboratory observations. Spec-

imens presented in Fig. 11b for TSS10 and Fig. 12a for

TSS20 behave similarly too, but they have different fines

contents (10 vs. 20%). Note that the two specimens have

different initial states in term of e and p0, but their initial
same state parameters are almost the same (0.083 for

TSS10-IC010 and 0.082 for TSS20-IC007). The test results

indicate that undrained responses of specimens with dif-

ferent fines contents are primarily controlled by their initial

state parameters and a similar initial state tends to result in

a similar undrained response regardless of fines content.

This state-parameter dependency of silty sand is well

captured by the proposed constitutive model.

4.2 Prediction of non-flow type behavior

Three laboratory tests with fines content ranging from 0 to

20% are selected to validate the model for non-flow type

behavior. The comparison between test results and

simulations is presented in Fig. 14. The non-flow type

behavior is characterized by pure dilative response with or

without phase transformation state. Theoretically, the

critical state is attained when the stress, pore water pressure

and volumetric strain become constant with increasing

shearing strain. In real laboratory tests, this ideal condition

may be difficult to achieve for dilative specimens [9]. In

this connection, some discrepancies may be observed

between simulated and observed stress–strain curves.

Nevertheless, the overall agreement is considered

acceptable.

4.3 Predicting the effects of fines

Laboratory tests have confirmed that, when comparison is

made at the same post-consolidation void ratio, the addi-

tion of non-plastic fines to clean sand can increase the

liquefaction susceptibility to sand [42]. The constitutive

model can successfully predict this important effect, as

shown in Fig. 15. Three synthetic simulations, with FC =
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Fig. 12 Simulated flow type behavior of TSS20 compared with experimental data. a TSS20-IC007, ec = 0.846, pc
0 = 500 kPa, b TSS20-IC008,

ec = 0.787, pc
0 = 500 kPa
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0, 10 and 20%, are performed to show the effects of fines

at the initial state of ec = 0.880 and pc
0 = 500 kPa. The

simulated TS specimen exhibits non-flow type failure as no

undrained instability state occurs. On the contrary, flow

type failure takes place when 10% fines are added to the

sand. Furthermore, complete liquefaction occurs at the
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Fig. 13 Simulated flow type behavior of TSS5 and TSS15 compared with experimental data. a TSS5-IC005, ec = 0.862, pc
0 = 500 kPa,

b TSS15-IC006, ec = 0.870, pc
0 = 500 kPa, c TSS15-IC002, ec = 0.842, pc

0 = 500 kPa
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fines content of 20%. Note that the initial states of the three

specimens are the same in terms of void ratio and effective

stress. This implies that the initial state parameter increases

with increasing FC because of the downward shift of the

critical state line [41, 42]. The differences in initial state

parameters are thought to be the primary factor affecting

the undrained response, whereas the influence of dilatancy

parameters is considered secondary.

5 Discussion

The constitutive model presented in this paper incorpo-

rates the state-parameter dependency of elastic shear

modulus and meanwhile introduces a state-parameter-de-

pendent hardening modulus. The simulations agree rea-

sonably well with the test results for clean and silty sand

specimens under a wide range of initial states. All test

data in this study were obtained from specimens recon-

stituted by moist tamping. The advantages of the moist

tamping method include that it is able to produce speci-

mens with a wide range of density, and it prevents seg-

regation of coarse and fine particles [40, 41]. According

to a microscopic study [43], the fabric formed by moist

tamping is less anisotropic than that formed by dry

deposition in terms of particle orientation. The present

model does not consider the effect of fabric that is

associated with particle orientation, voids and contact

normal [13, 27, 43, 45].

The critical state parameters and the dilatancy param-

eters for silty sands are interesting issues. While some key

factors that may affect the critical state parameters have

been identified and some empirical relationships have

been proposed [39, 41], more test data are required to

improve evaluation of the critical state lines for silty

sands. There is also a lack of systematic data sets for

characterizing effects of fines on dilatancy parameters,

while limited literature data seem to suggest that the

dilatancy parameters are affected by fines content [35].

The h–w0 correlation proposed in this study provides a

better description of the state dependency of plastic

hardening modulus and unifies the description for clean

and silty sand, thus improving the model’s performance.

However, the linear equation is empirical and approxi-

mate and omits the possible curvature of the h–w0 cor-

relation. This may lead to deterioration of predictions for

dilative behavior in some situations [23]. Future research

is needed toward improving the model’s capability in the

above-mentioned aspects.

6 Conclusions

This paper presents a simple, critical state-based constitu-

tive model that allows a unified modeling of the mechan-

ical behavior of clean and silty sand. The model

incorporates several important findings from recent labo-

ratory experiments, and is calibrated using systematic data

sets. The model can produce reasonable simulations for a

range of behavior of silty sand under different initial states

and with different fines contents. For flow type behavior,

the model provides good predictions of the stress–strain

response and the effective stress path. The instability state

and the quasi-steady state, being two key features of

undrained sand behavior, can be reasonably simulated as

well. For non-flow type behavior, the simulations also

agree reasonably well with the laboratory observations.

The existence of phase transformation state is captured in a

satisfactory way.

The proposed model successfully predicts that, under the

same initial state in terms of void ratio and effective stress,

the addition of fines can alter the undrained behavior of

clean sand such that the response becomes more contrac-

tive as the fines content increases. Particularly, the model

predicts the reduced strength and stress ratio at the

undrained instability state due to increased fines content,

indicating an increased liquefaction susceptibility caused

by fines.

Table 3 Undrained triaxial tests for validation [15, 42]

Test ID FC (%) ec pc
0 (kPa) w0

Flow type

TS-IC002 0 0.951 100 0.031

TS-IC011 0 0.910 500 0.026

TS-IC014 0 0.922 300 0.023

TSS5-IC005 5 0.862 500 0.011a

TSS10-IC007 10 0.880 300 0.037

TSS10-IC010 10 0.901 500 0.083

TSS15-IC002 15 0.842 500 0.051a

TSS15-IC006 15 0.870 500 0.079a

TSS20-IC007 20 0.846 500 0.082

TSS20-IC008 20 0.787 500 0.023

Non-flow type

TS-IC008 0 0.867 100 - 0.053

TSS10-IC006 10 0.783 100 - 0.093

TSS20-IC004 20 0.788 100 - 0.039

aInitial state parameter calculated based on interpolated critical state

lines
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Fig. 14 Simulated non-flow type behavior of TS, TSS10 and TSS20 compared with experimental data. a TS-IC008, ec = 0.867, pc
0 = 100 kPa,

b TSS10-IC006, ec = 0.783, pc
0 = 100 kPa, c TSS20-IC004, ec = 0.788, pc

0 = 100 kPa
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