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SUMMARY

Analysis of large deformation of geomaterials subjected to time-varying load poses a very difficult
problem for the geotechnical profession. Conventional finite element schemes using the updated Lagrangian
formulation may suffer from serious numerical difficulties when the deformation of geomaterials is
significantly large such that the discretized elements are severely distorted. In this paper, an operator-split
arbitrary Lagrangian–Eulerian (ALE) finite element model is proposed for large deformation analysis of
a soil mass subjected to either static or dynamic loading, where the soil is modelled as a saturated porous
material with solid–fluid coupling and strong material non-linearity. Each time step of the operator-split
ALE algorithm consists of a Lagrangian step and an Eulerian step. In the Lagrangian step, the equilibrium
equation and continuity equation of the saturated soil are solved by the updated Lagrangian method. In
the Eulerian step, mesh smoothing is performed for the deformed body and the state variables obtained
in the updated Lagrangian step are then transferred to the new mesh system. The accuracy and efficiency
of the proposed ALE method are verified by comparison of its results with the results produced by an
analytical solution for one-dimensional finite elastic consolidation of a soil column and with the results
from the small strain finite element analysis and the updated Lagrangian analysis. Its performance is
further illustrated by simulation of a complex problem involving the transient response of an embankment
subjected to earthquake loading. Copyright q 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The finite element formulations for quantitative study of the static and/or dynamic behaviour
of saturated soils were established decades ago [1–5]. In general, the formulations are based
on the effective stress principle, transient pore fluid movement, generalized material stiffness
and infinitesimal strain theory. It is now widely accepted that many problems in geotechnical
engineering practice involve large deformations for which the infinitesimal strain theory may
not be applicable. Typical large deformation problems include failure of embankments due to
soil liquefaction, slope instability and landslide, penetration of piles and penetrometers. There is
currently an increasing concern over the large deformation effect in geotechnical analyses.

Several numerical schemes have been developed for large deformation analysis in geomechanics
[6–10]. Most of them involve the Lagrangian finite element formulation in which relevant quantities
are described with respect to the initial co-ordinate (total Lagrangian) or fixed to the geometry
at the beginning of the time step and moved with the material (updated Lagrangian). When the
finite element discretization is implemented, the configuration of the material body is covered
with a finite element mesh. Nodes are associated with the same material particles throughout
the deformation process of the body, and the mesh is then deformed along with the body. The
Lagrangian formulation is particularly suited for problems concerning path-dependent material
with free surface conditions. However, in the case of very large deformation where severe mesh
distortion and element entanglement occur, the Lagrangian reference state may not be viable for
subsequent step analysis, as manifested by instability or interruption of the numerical computation.

There is another method for large deformation analysis, known as the Eulerian formulation.
In this method, the finite element mesh can be selected and fixed in space while the material
flows through the mesh. It is difficult, however, to convert material particles on a fixed mesh and,
consequently, not easy to present the free boundary condition and simulate the deformation history
of the material.

An arbitrary Lagrangian–Eulerian (ALE) finite element model is presented in this paper to
combine the advantages of the two formulations described above while avoiding their drawbacks.
In the ALE analysis, a reference computational domain is introduced and the finite element mesh
is neither attached to the material nor fixed in space. Motion of the mesh is independent of that
of the material. As a result, the ALE formulation can handle path-dependent material behaviour
and free surface conditions while maintaining the mesh fineness. The ALE finite element method
was first proposed for solving problems of fluid mechanics, and then used to solve problems of
solid mechanics [11–15]. To the authors’ best knowledge there is no ALE finite element model for
large deformation analysis of saturated soils that exhibit strong material non-linearity and complex
solid-fluid interaction.

The ALE procedures can be divided into coupled and operator-split ALE formulations. In the
first, fully coupled Lagrangian–Eulerian equations involving both material and mesh velocities are
solved [15, 16]. In the second formulation, which is more convenient and efficient for computation,
an operator-split scheme is used and the coupled Lagrangian–Eulerian equations are split and
solved separately [17]. In this paper, the operator-split ALE formulation is established for large
deformation analysis of a saturated soil mass subjected to either static or dynamic loading. The
saturated soil is modelled as a two-phase mixture composed of the deforming solid skeleton and
the saturating pore fluid, and the material non-linearity exhibited by most soils is incorporated.
The performance of the proposed ALE model is evaluated and demonstrated in detail using two
examples.
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2. GOVERNING EQUATIONS

The saturated soil is considered as a two-phase material with a soil skeleton and a pore fluid phase.
The governing equations for the saturated soil are briefly presented in this section.

2.1. Equilibrium equation

For a mixture of the two-phase material, the effective and partial stresses are defined as

�′
i j = �i j + p�i j (1)

�i j = �si j + �fi j (2)

�si j = �′
i j − (1 − n)p�i j (3)

�fi j = −np�i j (4)

where �i j is the Cauchy total stress in the combined solid and fluid mixture, �′
i j the effective

stress, p the pore water pressure (taken positive when compressive), �si j the partial stress in the

solid phase, �fi j the partial stress in the fluid phase, n the porosity, and �i j the Kronecker delta.
Each of the components of the two-phase medium is regarded as a continuum and follows its

own motion equations. The equation of motion for the solid phase is

��si j
�x j

+ (1 − n)�sbi − (1 − n)�sv̇i − Ri = 0 (5)

Ri =−n�f

k
ẇi (6)

where vi is the velocity of the soil skeleton, vfi the velocity of the fluid phase, bi the body force
acceleration, �s the density of soil particles, k the Darcy permeability coefficient, �f the unit weight
of the fluid phase, Ri the viscous drag force acting on the fluid phase caused by the soil skeleton,
and wi describes the fluid displacement relative to the skeleton of soils.

ẇi = n(vfi − vi ) (7)

For the pore fluid, its equation of motion can be written as

��fi j
�x j

+ n�fbi − n�fv̇fi + Ri = 0 (8)

From Equations (5) and (8), and adopting the u–p formulation [4], the equilibrium equation of
motion for the total mixture of soil skeleton and fluid phase is simplified as

��i j
�x j

+ �bi − �üi = 0 (9)

where ui is the displacement of the solid skeleton and � the apparent density of saturated soils.
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2.2. Continuity equation

According to the law of mass conservation, the local form for soil skeleton is

�(�s(1 − n))

�t
+ �(�s(1 − n)vi )

�xi
= 0 (10)

Similarly, for the fluid it is

�(n�f)

�t
+ �(n�fvfi )

�xi
= 0 (11)

Combining Equations (10) and (11) gives

�ẇi

�xi
+ dii + n

�̇f

�f
+ (1 − n)

�̇s

�s
= 0 (12)

where di j is the symmetric rate of the deformation tensor.
The soil particles are assumed as incompressible and, therefore, �s is constant and �̇s is zero.

The material derivative, �̇f, of the fluid phase density is related to the material derivative, ṗ, of
the pore pressure by

�̇f = ṗ

K f
�f (13)

where K f is the bulk modulus of the fluid phase.
Substituting Equation (13) in Equation (12) gives

�ẇi

�xi
+ dii + n

K f
ṗ= 0 (14)

The distribution of the porosity is assumed to be smooth enough in the soil, then Equation (14) is
simplified as [18]

− k

g
ḋii − k

�f

(
�2 pE
�2xi

)
i

+ dii + n

K f
ṗE = 0 (15)

where pE is excess pore pressure and g the gravitational constant.
Equations (9) and (15) define a coupled form of the governing equations for a saturated soil.

2.3. Constitutive equation

To describe the non-linear behaviour of saturated soil, the elasto-plastic constitutive model proposed
by Oka et al. [19] is adopted. This model is based on the non-linear kinematic hardening and
non-associated flow rules. The accumulations of strain and pore water pressure during cyclic
loading are taken into account. The capability of this constitutive model has been examined by
comparisons between experimental results and numerical simulations. Details of this constitutive
model and parameter calibration are described in [19, 20].

Because large deformation is considered here, an objective measure of stress should be adopted.
Jaumann stress rate is objective but not exact in the case of both large deformations and large
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material rotations. However, it is accurate enough for small strains and large material rotations, as
considered by Hughes et al. [21]. An accurate large deformation analysis can thus be developed
adopting Jaumann stress rate in an updated Lagrangian approach with small strain increments in
each time step of the analysis. A general linear relationship between the objective stress rate and
the deformation rate can be written in the form

�̇Ji j = Di jkldkl − ṗ�i j (16)

where �̇Ji j is Jaumann stress rate, ṗ the rate of pore pressure and Di jkl the elasto-plastic tensor of
the constitutive model.

The rate of stress can be obtained as

�̇i j = �̇Ji j + �ik� jk + � jk�ik = Di jkldkl − ṗ�i j + �ik� jk + � jk�ik (17)

where �̇i j is the rate of stress and �i j the skew symmetric spin tensor.

3. OPERATOR-SPLIT ALE MODEL

3.1. Fundamentals of ALE

In large deformation analysis, the state variables (motion, deformation and strain etc.) of a contin-
uum can be described in three different ways. In Lagrangian description, the material particles are
labelled by the co-ordinates, Xi , at their initial positions and state variables are functions of the
material co-ordinates. In Eulerian description, the current positions of these particles are located by
the spatial co-ordinates, xi , and state variables are a function of the current spatial co-ordinates. In
the ALE description, a referential domain, which is composed of the co-ordinates �i of grid points
of mesh, is employed to describe the state variables. Define that ui and vi are the displacement
and velocity of the soil skeleton at time t , ûi and v̂i are the displacement and velocity of the mesh
grid on the material at time t . The soil skeleton displacement ui and the mesh grid displacement
ûi on the material have the following forms:

ui (X j , t) = xi (X j , t) − xi (X j , 0) (i, j = 1, 2, 3) (18)

ûi (� j , t) = xi (� j , t) − xi (� j , 0) (i, j = 1, 2, 3) (19)

The material velocity vi and the mesh velocity v̂i can be obtained by differentiating the equations
of material motion and mesh motion with respect to time while keeping the particle X j or the
mesh grid point � j fixed

vi = dui
dt

= �xi (X j , t)

�t

∣∣∣∣
X j

(20)

v̂i = dûi
dt

= �xi (� j , t)

�t

∣∣∣∣∣
� j

(21)
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Convective velocity ci should be introduced to map the convective effects between the material
and grid as

ci = vi − v̂i (22)

Although the mesh and material motion are independent of each other, a one-to-one mapping
between material and computational referential domains should be guaranteed. The boundaries of
the two domains should coincide, requiring that

(vi − v̂i )ni = 0 on the boundary (23)

where ni is the normal vector at any point on the boundary.
Assuming that function f is defined by the spatial co-ordinate xi , and that f can be stress,

strain, or any history variable, then one may have

f (xi , t) = f (xi (X j , t), t) = f̃ (X j , t) = f (xi (� j , t), t) = f̂ (� j , t) (i, j = 1, 2, 3) (24)

The material and ALE computational referential time derivatives of function f are

ḟ = � f̃

�t

∣∣∣∣∣
Xi

= � f

�t

∣∣∣∣
xi

+ v j
� f

�x j
(25)

f ′ = � f̂

�t

∣∣∣∣∣
�i

= � f

�t

∣∣∣∣
xi

+ v̂ j
� f

�x j
(26)

From Equations (25) and (26), the referential derivative f ′ is related to the material derivative
ḟ by

ḟ = f ′ + c j
� f

�x j
(27)

Substituting Equation (27) into the governing Equations (9) and (15), an coupled ALE formu-
lation for the saturated medium can be derived [22].

Several methods have been proposed to solve the fully coupled equations [23, 24], but the
procedures involved are very complicated and the computation is costly. An alternative method,
referred to as the operator-split technique [17], is adopted in this study.

In the operator-split ALE method, each time step of analysis is divided into two parts: a
Lagrangian step and an Eulerian step, which are solved separately. In the Lagrangian step, the
finite element mesh follows the material deformation, and a pure updated Lagrangian procedure
is done. Then mesh smoothing is performed and the computational reference system (mesh) is
changed as required. Finally the state variables are transferred from the Lagrangian mesh to the
new reference mesh to complete the Eulerian step. The advantage of the operator-split method
over the fully coupled approach is that it breaks very complicated equations into simpler ones that
can be solved more easily.

3.2. Updated Lagrangian step

It is assumed that the reference system (mesh) follows the material particle flow during this step.
Consequently, this step is a classical Lagrangian formulation calculation.

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2007; 31:1375–1399
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In the updated Lagrangian (UL) method, the relevant quantities, such as stress and strain, are
correlated with the reference configuration at time t . The governing equations of the saturated soil
are satisfied at the end of each time step, t+�t . The weak formulation of equilibrium Equation (9)
and continuity Equation (15) are∫

t V
� t+�t üi�vi d

t V +
∫
t V

(∫ t+�t

t
Ṡi j dt

)
�Ėi j d

t V +
∫
t V

t�i j�Ėi j d
t V

=
∫
t+�t A

t+�t ti�vi d
t+�t A +

∫
t+�t V

� t+�t bi�vi d
t+�t V (28)

∫
t V

�f t+�t ḋi i d
t V −

∫
t V

�f

k
t+�t dii d

t V +
∫
t V

(
�2(t+�t pE)

�x2i

)
i

d t V

−
∫
t V

n�f

kK f
t+�t ṗE d

t V = 0 (29)

where t V is element volume bounded by a surface t A, t�i j is the Cauchy stress tensor at time t ,
�t is the increment of the time step, t+�t üi the acceleration of the solid skeleton at time t + �t ,
Ṡi j the second Piola–Kirchhoff stress rate, Ėi j the Lagrangian strain rate, t+�t pE the excess pore
pressure at time t + �t , t+�t bi is the force acceleration per unit volume and t+�t ti the traction.

By use of the finite element and finite difference hybrid method [10, 18] and by introduc-
ing Rayleigh damping, the numerical formulations of the coupled Equations (28) and (29) are
obtained as

[M]{t+�t Ü } + [C]{t+�t U̇ } + [K ]{�U } + [KV]{t+�t pE} = {F} (30)

�f[KV]T{t+�t Ü } − �f

k
[KV]T{t+�t U̇ } + [a]{t+�t pE} − [A]{t+�t ṗE} = 0 (31)

where {t+�tU } is the nodal displacement vector, {t+�t pE} the excess pore pressure vector of
elements, [M] the mass matrix, [K ] the total stiffness matrix including a material stiffness part
and a geometrical one, [C] the damping matrix, [KV] makes up the coupling matrix, {F} is the
total load vector, and [a] and [A] are two matrices involving excess pore pressure and its rate.

For the excess pore pressure, the following equation is obtained with the backward finite
difference method:

{t+�t ṗE} = {t+�t pE} − {t pE}
�t

(32)

Using Newmark’s � method, the nodal displacement and velocity at time t + �t are expressed as

{t+�tU } = {tU } + {�U } =�t{t U̇ } + (�t)2

2
{t Ü } + �(�t)2({t+�t Ü } − {t Ü }) (33)

{t+�t U̇ } = {t U̇ } + �t{t Ü } + ��t ({t+�t Ü } − {t Ü }) (34)

where � and � are parameters of Newmark’s � method.

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2007; 31:1375–1399
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Substitution of Equations (32)–(34) into Equations (30) and (31) results in the coupled equation
in the following matrix form:⎡

⎢⎣
([M] + ��t[C] + �(�t)2[K ]) [Kv]

[KV]T �t[a] − [A]
�t��f

⎤
⎥⎦
{ {t+�t Ü }

{t+�t pE}

}

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
{F}−[C]({t U̇ }+(1−�)�t{t Ü })−[K ]

(
�t{t U̇ }+

(
1

2
−�

)
(�t)2{t Ü }

))

[Kv]T
�k

({t U̇ }+(1−�)�t{t Ü })+ [A]
�t��f

{t pE}

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(35)

where � =
(
1

g
− ��t

k

)
.

3.3. Mesh smoothing

After the updated Lagrangian step is completed, the solution freezes, whereas the finite element
mesh (reference system) is moved as desired. The element nodal pattern is defined by creat-
ing a new mesh for the deformed body. Various methods such as h-adaptivity, p-adaptivity and
r-adaptivity techniques have been proposed for remeshing of the structure. The h-adaptivity method
changes the mesh connectivity through addition of elements. The p-adaptivity method enhances
the polynomial interpolation space in high strain location regions. The r-adaptivity method refines
the mesh by relocation of nodes. In order to avoid complicated computation, the mesh-smoothing
scheme in this paper moves nodes as in the r-adaptivity method. Compared to the conventional
mesh refinement that requires significant computational efforts, this smoothing scheme is explicit
and computationally cheap.

In doing the mesh smoothing, first, element distortion is detected and the nodes associated with
the distorted elements are moved. The distortion factor proposed by Zavattieri et al. [25] is adopted
to measure the element quality

Qk =Cd
Vk
Pd
k

(36)

where Qk is the quality factor of element k, Vk represents its volume, and Pk its perimeter; d = 2
for 2D or d = 3 for 3D problem, and Cd is a constant (equals 20.78 for a triangular element and
16.00 for a quadrilateral).

When an element is being distorted, its value Qk decreases towards zero. The quality factor of
global mesh is given by

Q = min{Qk} (37)

Secondly, relocation of all selected nodes is decided. For an element i surrounding an interior
node k (see Figure 1), the co-ordinates of gravity centre of the element are

xCi = 1

nn

(
n∗
n∑

j=1
xMj +

nn∑
j=n∗

n

xGj

)
(38)

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2007; 31:1375–1399
DOI: 10.1002/nag



AN OPERATOR-SPLIT ALE MODEL 1383

G
jx

M
jx

C
ix

k

Figure 1. Relocation of an interior node.

where nn is the number of nodes in the element i , n∗
n the number of un-relocated nodes in the

element i , xMj the nodal co-ordinates, xGj the relocated co-ordinates. The new position of the node
k can be calculated as

xGk = 1

WT

( ne∑
i=1

xCi Wi

)
(39)

where Wi is the weight factor of element i , ne the number of elements surrounding the node k,
WT = ∑ne

i=1 Wi .
Although the mesh and material motions are independent of each other, the boundaries of the

two domains should coincide. To ensure this the relocation of all selected nodes on the boundaries
should satisfy Equation (23). As shown in Figure 2, xM1 , xM2 and xM3 are three nodes on the
boundary. To relocate the node xM2 , a quadratic curve defined by the three nodes is used [26]. The
new position of the node xM2 is determined by

xG2 =
3∑

�=1
	�x

M
� (40)

where 	1 = 1
2
(
 − 1), 	2 = (1 − 
)(1 + 
), 	3 = 1

2
(
 + 1), 
 = (D23 − D21)/(D21 + D23),

Di j =
√∑3

k=1(x
M
ik − xMjk)

2.

3.4. Transferring of state variables

After smoothing the mesh, a new mesh pattern is created and used as the reference configuration.
The state variables (stress, strain, etc.) obtained in the updated Lagrangian step are then transferred
onto the new mesh from the old one. The aim of this step is to solve Equation (27). In this paper
the Godunov method [27, 28] is used to transfer the state variables.
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in

( )ii vv ˆ−
G
2x

M
1x

M
2x

M
3x

Figure 2. Relocation of a node on boundary.

Setting Yi = ci f , Equation (27) can be written as

� f

�t

∣∣∣∣
�
+ �Yi

�xi
= � f

�t

∣∣∣∣
X

+ f
�ci
�xi

(41)

Applying a weak formulation and Gauss divergence theorem to the Yi and ci terms yields∫
�

� f

�t

∣∣∣∣
�
d�=

∫
�

� f

�t

∣∣∣∣
X
d� +

∮
�
f ci ni d� −

∮
�
Yini d� (42)

where � is the element volume and ni the outward normal to the element boundary �.
By assuming that f and its time derivative are constant within an element, one has

� f

�t

∣∣∣∣
�

= � f

�t

∣∣∣∣
X

+ f

�

∮
�
cini d� − 1

�

∮
�
Yini d� (43)

Explicit time integration of Equation (43) from time t up to time t + �t gives

t+�t f = f L + �t

2�

ne∑
�=1

F�( f L − f L� )(1 − �0 sign(F�)) (44)

where f L is the state variable obtained in the updated Lagrangian step, ne the number of boundaries
of the element, f L� the value of f L at the neighbouring element corresponding to boundary �,
F� = ∫

� cini d�, and �0 represents a parameter that can be chosen in the interval [0, 1]: �0 = 0
represents a centred approximation, whereas �0 = 1 results in a full upwind scheme.

The above derivation is valid for an elementwise constant field. For higher-order fields, each
finite element can be divided into various subelements, and each of them can be corresponding to
the influence domain of a Gauss point. In this paper, quadrilateral elements with 2× 2 integration

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2007; 31:1375–1399
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Node

Gauss point 

Figure 3. Sub-elements of quadrilateral finite elements.

points are used, and each element is divided into four subelements, as shown in Figure 3. In each
subelement, the state variable f is assumed to be constant, and represented by the Gauss-point
value. Therefore Equation (44) can be employed to transfer the value of f for each subelement
from time t up to time t + �t .

For the node centred state variables, the algorithm described above cannot be employed directly.
A simple and efficient method is to distribute the values of nodal variables onto the subelements,
see Figure 3. These values can be transferred and moved back to the nodes subsequently.

It should be noted that each solution variable includes stress and strain and that the excess
pore pressure should be transferred according to the algorithm described above. Because the
effective stress-based elasto-plastic constitutive model for saturated soil is adopted, all the non-
linear path-dependent material variables associated implicitly with this model should be transferred.
Transferring the state variables via the Godunov scheme somewhat disrupts equilibrium. It might
then be necessary to check the equilibrium and elasticity criteria on the new mesh. However, the
UL method is adopted here and the time-step increments are selected to be small enough, and any
lack of equilibrium can be overcome after some iteration during the next time step.

4. NUMERICAL EXAMPLES

This section is to examine the efficiency and accuracy of the proposed ALE method in detail using
two examples.

4.1. Finite consolidation of a saturated soil column

An analytical solution for the finite consolidation of a homogeneous soil layer was presented by
Gibson et al. [29] and Monte and Krizek [30]. The solution provides a benchmark for verifying

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2007; 31:1375–1399
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H

Figure 4. One-dimensional consolidation of a saturated soil column.
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Figure 5. Vertical settlement versus normalized time for load level q = 0.1E .
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Figure 6. Vertical settlement versus normalized time for load level q = 0.2E .
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Figure 8. Vertical settlement versus normalized time for load level q = 1.0E .

the proposed ALE procedure. The discrete model is a one-dimensional problem represented by
a saturated soil column under plane strain conditions. The soil is considered elastic with incom-
pressible pore fluid and constant permeability. In order to show the limitation of the UL method
and the capability of the proposed ALE method, an irregular mesh shown in Figure 4 is adopted.
The nodes at the bottom are fixed in the vertical direction. The lateral boundary of the soil column
is assumed as impermeable, and drainage is allowed only through the ground surface. Function q
applied at the ground surface is a step load.

To show extreme deformations, the following material parameters which do not necessarily
represent a real soil are used: the height H = 10m, the elastic modulus of the soils is E = 100MPa,
the Poisson ratio �= 0.0, the soil porosity n = 0.91, the permeability k = 0.01m/s. Four load
levels equalling to 0.1, 0.2, 0.25 and 1.0 times the elastic modulus E are considered. Note that the
parameters used here are not for realistic soil.

Figures 5–8 show the vertical settlement at ground surface, W, against the normalized time,
TV =CVt/H2, for different load levels. Here CV is known as the one-dimensional consolidation
coefficient. In the diagrams the thick curves denote the numerical results of the UL method, thin
curves denote the numerical results of the proposed ALE method (ALE), and the dashed curves
represent the numerical results using the small strain method (SM).

It is noted that the difference between the small and finite strain results increases as the applied
load increases and the results of the UL method are close to those of the ALE method at low
load levels (q�0.2E). When the applied load becomes larger, say q = 0.25E , some elements
are severely distorted at TV = 1.37 in the updated Lagrangian formulation (Figure 9), leading to
instability and termination of the computation. By comparison, when the proposed ALE method
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Figure 9. Deformed mesh (q = 0.25E) at TV = 1.37 in the updated Lagrangian analysis.

is used, this numerical difficulty is overcome and the computation goes smoothly. The deformed
meshes at TV = 1.37 and 10.0 are shown in Figures 10 and 11, respectively.

In the case of load level q = 1.0E , the elements are significantly distorted (Figure 12), resulting
in the termination of computation at TV = 0.10 in the updated Lagrangian analysis. However, in
the proposed ALE analysis the mesh has a good shape as shown in Figure 13. Figure 14 shows
the final deformed mesh of the proposed ALE analysis at TV = 10.0.

The theoretical relationships between the applied load, q , and the final vertical settlement, W,
derived using the infinite and finite strain theories, and the computed results obtained using the
updated Lagrangian and the proposed ALE methods are compared in Figure 15. The theoretical
relationship between the applied load and the final settlement for finite strain method is logarithmic,
and that for SM linear. The dashed line represents the theoretical solution of small strain (SM), the
solid one the theoretical solution of finite strain (FD). The squares are numerical results of SM,
the dots are the results of the UL method, and the circles the results computed by the proposed
ALE method. Note that for the soil column with the initial configuration shown in Figure 4, it is

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2007; 31:1375–1399
DOI: 10.1002/nag



1390 Y. DI, J. YANG AND T. SATO

Figure 10. Deformed mesh (q = 0.25E) at TV = 1.37 in the proposed ALE analysis.

impossible to correctly obtain the final settlement by using the UL method in cases of the load
levels of q�0.25E . The comparison between the numerical results and analytical solutions in
Figure 15 well demonstrates the accuracy and stability of the proposed ALE scheme.

4.2. Seismic response of an embankment

Furthermore, a complex problem of the response of an embankment subjected to vertical and
horizontal earthquake motions is analysed here using the proposed ALE scheme. This is a typical
plane strain problem, with the initial finite element mesh shown in Figure 16. Infinite elements
are used for the lateral boundary sides. The bottom is assumed as impermeable while the ground
surface is treated as a drainage boundary. The effective stress based elasto-plastic constitutive
model [19] is selected to describe the complicated non-linear behaviour of soils under dynamic
loading. Table I gives the model parameters used in the example. More details of the material
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Figure 11. Deformed mesh (q = 0.25E) at TV = 10.0 in the proposed ALE analysis.

parameters can be found in [19]. The accelerations recorded at Port Island, Kobe during the 1995
Kobe earthquake (Figure 17) are used as input motions.

In Figure 18 the deformed meshes of the embankment at time 5.1 s by using the updated
Lagrangian and proposed ALE methods are compared. There appear some elements whose volumes
turn to be negative in the updated Lagrangian analysis (Figure 18(a)), due to severe distortion
of the discrete elements. Consequently, computational stability is lost and the running of the
program is halted. By comparison, the finite element mesh remains smooth in the ALE formulation
(Figure 18(b)) and the computation can be continued. The complete time histories of the horizontal
and vertical displacements at point P, predicted using the ALE formulation, are shown in Figure 19,
and the time histories of the excess pore pressures at points A, B, C and D are presented in Figure
20. Note that the computed horizontal and vertical displacements at the crest of the embankment
are as high as 10m and 5m, respectively. Figure 21 shows the deformed configurations and

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2007; 31:1375–1399
DOI: 10.1002/nag



1392 Y. DI, J. YANG AND T. SATO

Figure 12. Deformed mesh (q = 1.0E) at TV = 0.10 in the updated Lagrangian analysis.

distributions of excess pore pressure ratios (EPPR) at different stages of earthquake motion (i.e.
5.0, 10.0 s and end of the motion). Here, the scale of deformation is the same as that of the finite
element mesh and the grey scale varying from black to white represents EPPR from 1.0 to 0.0. It is
apparent that the proposed ALE method can provide reasonable predictions for various responses
of the embankment during the entire loading history.

5. CONCLUSIONS

Many geotechnical applications such as failure of embankments due to liquefaction and penetra-
tion of piles into the ground involve large deformations of geomaterials. Conventional numerical
methods based on the infinitesimal strain theory may not be suitable for these applications. How to
accurately predict the response of geomaterials at large deformations poses a challenging problem
for the geotechnical profession.

This paper has presented an operator-split ALE model for the solution of large deformation
problems of saturated soils subjected to static and/or dynamic loading. The solid–fluid coupling
and material non-linearity in soils are taken into account. The computation scheme consists of
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Figure 13. Deformed mesh (q = 1.0E) at TV = 0.10 in the proposed ALE analysis.

Figure 14. Deformed mesh (q = 1.0E) at TV = 10.0 in the proposed ALE analysis.
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Figure 16. Initial finite element mesh of the embankment.

Table I. Material parameters used for embankment analysis.

Material parameter Value

Density �(t/m)3 1.830
Coefficient of permeability k(m/s) 4.0E − 6
Initial void ratio e0 1.10
Compression index � 0.20
Swelling index  0.02
Initial shear modulus ratio G0/�′

m0 1420.0
Failure stress ratio Mf 1.13
Phase transformation stress ratio Mm 0.71
Hardening parameter B0 5500.0
Hardening parameter B1 30.0
Control parameter of anisotropy Cd 2000.0
Dilatancy parameter D0 1.1
Dilatancy parameter � 3.0
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Figure 17. Acceleration records at Port Island, Kobe during the 1995 Kobe earthquake.

(a)

(b)

Figure 18. The deformed mesh of the embankment at time 5.1 s: (a) the updated Lagrangian method and
(b) the operator-split ALE method.

two steps at each time step: a Lagrangian step and an Eulerian step. In the Lagrangian step, the
governing equations of the saturated soil, the equilibrium equation and the continuity equation are
solved by the traditional UL method. In the Eulerian step, mesh smoothing and state variables
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Figure 19. Time histories of the horizontal and vertical displacements at point P.

0 5 10 15 20 25 30

Time (s)

0

10

20

30

40

50

E
xc

es
s 

po
re

 p
re

ss
ur

e 
(k

P
a)

Point A

Point B

Point C

Point D

Figure 20. Time histories of excess pore pressure ratios at points A–D.

transferring are performed. An r-adaptivity method that refines the finite element mesh by relocation
of nodes is adopted in the mesh-smoothing scheme. The Godunov method is employed to transfer
state variables obtained in the updated Lagrangian step to the new mesh system.
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Figure 21. The deformed meshes of the embankment and distributions of excess pore pressure ratios at
different stages of earthquake motion: (a) 5.0 s; (b) 10.0 s; and (c) end of the motion.

The performance of the proposed ALE method has been illustrated in detail using examples.
The results indicate that the small strain finite element model is not able to provide a good
prediction when the deformation of the soil body is significantly large and the updated Lagrangian
formulation suffers from numerical instability caused by severe element distortion. It has shown
that the proposed ALE method is capable of accounting for the significance of large deformation
effects and providing a reasonable simulation even for complex non-linear dynamic problems
involving soil liquefaction.
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