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Abstract We present in this paper a numerical study of
sandpile formation and angle of repose by considering the
effect of particle shape. We analyze the micromechanical
responses of sandpiles, which are crucial to the exploration
of origin of angle of repose. The results show that the princi-
pal anisotropy directions of contact orientations for the left
and right parts of sandpiles deviate increasingly away from
the vertical direction as the particle shape becomes more
irregular, and that the summation of their deviation angle
�φn relative to the vertical direction with angle of repose α

, is approximately a constant regardless of the effect of par-
ticle shape. We find that the principal anisotropy directions
of particle orientations for the left and right parts of sand-
piles rotate as the irregularity of particle shape varies, and
tend to reach a compromise state and to lie in the common
horizontal direction at a characteristic aspect ratio AR = 0.6.
We reveal that the mobilization of arching effect depends pri-
marily on the inclined propagation of strong force chains. We
also establish a relationship between the direction where the
most intense arching phenomenon takes place and the prin-
cipal anisotropy directions characterizing the distribution of
microstructures and inter-particle force network.
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1 Introduction

When sand particles are poured from a point source onto a
horizontal plane, a conical pile with a constant slope will
form, with the slope angle termed “angle of repose”. Beyond
this characteristic angle the sandpile surface becomes unsta-
ble and avalanches are desired to occur. The understanding of
the formation of sandpiles (i.e. the origin of angle of repose)
is of fundamental significance to the solution of a number
of practical issues ranging from landslides and avalanches
in civil and geological engineering communities to powder
packing in industrial processes such as pharmaceutical pro-
duction.

The previous experimental investigations indicated that
a local pressure dip can be consistently observed under the
apex of the pile [1–5], which is an important observation
that is connected with the formation of granular piles. In
these studies, a kind of stress-sensitive mat such as elas-
tomeric substrate [1] and carbon paper [3] was used to
measure the distribution of normal stress underneath the pile,
while this experimental means is unable to offer insights into
the micromechanical response in the pile, which is also of
great importance for the understanding of sandpile formation.
Alternatively, Geng et al. [6], Zuriguel et al. [7], Zuriguel and
Mullin [8] and Zhang et al. [9] utilized photo-elastic disks to
construct piles, and examined the particle arrangement and
force chain propagation in the granular pile. Although the
photo-elastic testing permits a direct visualization of particle
arrangements and interactions as well as propagation paths
of force chains, it is only a semi-quantitative method which
cannot provide a complete quantitative description of force
chains on the basis of both orientations and magnitudes of
force vectors [10].

Some researchers have proposed a series of theoretical
models to study the complex force network in the pile and
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to explain the origin of angle of repose. Liu et al. [11] and
Coppersmith et al. [12] proposed the alleged “q-model” to
account for the propagation and distribution of force chains
in the pile which was described by a regular lattice of parti-
cles of mass unity. But, the q-model cannot reproduce the
central pressure dip at the bottom [13,14]. Bouchaud et
al. [15] and Wittmer et al. [16,17] pursued a continuum-
mechanical description of sandpiles by bringing forward the
“FPA” model, in which the directions of principal stress axes
in the sandpile are assumed to be fixed. This assumption has
specified the propagation means of stresses in the pile and
reflected intuitively the inherent arching effect, contributing
to a successful reproduction of the macroscopic responses
such as pressure dip. In addition, Alonso et al. [18] and Her-
rmann [19] put forward a simple lattice model, in which the
angle of repose is interpreted as the state of a complete devil’s
staircase, and derived an analytical expression to calculate the
angle of repose by taking into account the impact of various
microscale factors such as particle shape and surface rough-
ness, etc. Other researchers have also done similar theoretical
analyses to interpret the formation of sandpiles [20,21].

Such theoretical studies employed analytical models to
shed light on some interesting phenomena observed in sand-
piles, such as arching and pressure dip, and the majority
of these studies used a continuum-mechanical approach to
explain the angle of repose and related phenomena. Nev-
ertheless the sandpile formation originates from the discrete
nature of granular media [22–24], and relies on the microme-
chanical responses of granular system. Owing to the discrete
nature, the basic particle attributes such as particle shape and
inter-particle friction play a crucial role in both macroscopic
and microscopic responses of sandpiles.

The grain-scale modelling such as molecular dynamics
(MD) and discrete element method (DEM) has been used to
explore the origin of angle of repose. Lee and Herrmann [25],
Luding [26], Zhou et al. [27] and Goldenberg and Goldhirsch

[28] performed the MD or DEM simulations to investigate
the effect of inter-particle friction on the angle of repose.
Liffman et al. [29] and Li et al. [30] used idealized spheri-
cal particles to mimic the sandpile formation and scrutinize
the force distribution in or underneath the pile. Alternatively
using irregular-shaped particles to build up numerical mod-
els, Matuttis [31], Matuttis et al. [32], Zhou and Ooi [33] and
Zhou et al. [34] studied the effect of particle shape on the for-
mation of sandpiles. The numerical modelling has, to some
extent, provided a fundamental understanding into the mech-
anism underlying the formation of sandpiles, but few studies
have been done to probe an effective relationship between
angle of repose and micromechanical indices characteriz-
ing the microstructures and inter-particle force network.
Therefore the principal mechanism behind the formation of
sandpiles remains unclear, and no conclusive answer has been
achieved yet regarding the origin of angle of repose.

This study aims to find out the micromechanical origin of
angle of repose by a DEM analysis. The effect of particle
shape on the angle of repose has been discussed, with the
sandpiles created with clumped particles of different shapes.
We have devoted particular attention to a complete quantita-
tive analysis of the microstructures as well as the propagation
and distribution of force chains in the sandpile. We have also
made an effort to explore a quantitative relation of the angle
of repose and its related phenomena with the micromechan-
ical indices, such that the angle of repose is interpreted at a
microscopic level.

2 Numerical implementation

We used the DEM program PFC2D [35] to mimic the for-
mation of sandpiles. Figure 1 shows the six particle shapes
considered in this study, including the disk-shaped parti-
cle (Fig. 1a), elongated-shaped particle (Fig. 1b–e), and

Fig. 1 Description of particle
shape, a Shape A (AR = 1.0; CR
= 1.0), b Shape B (AR = 0.8;
CR = 0.976), c Shape C (AR =
0.667; CR = 0.905), d Shape D
(AR = 0.571; CR = 0.783), e
Shape E (AR = 0.5; CR =
0.798), f Shape F (AR = 0.956;
CR = 0.912)

(b)

(AR = 0.8; CR = 0.976)

(c)

(AR = 0.667; CR = 0.905)

(d)

(AR = 0.571; CR = 0.783)

(e)

(AR = 0.5; CR = 0.798)

(f)

(AR = 0.956; CR = 0.912)

R

(a)

(AR = 1.0; CR = 1.0)
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Fig. 2 a Schematic illustration of sandpile creation, and b a represen-
tative sandpile (Shape E), wherein dm is the mean particle size

triangular-shaped particle (Fig. 1f). Except for the disk-
shaped particle, we created the particles of other shapes by
clumping two or three disks to form a rigid clump. This
particle creation technique has been used by many other
researchers [36–38]. It is worth mentioning that the term
“particle” actually refers to “rigid clump” hereinafter. The
particle sizes vary from 0.02 to 0.03 m. The particle size of
a clumped particle is represented by the diameter of a cir-
cular particle having the same area as the clumped one. We
employed the indices of aspect ratio (AR) and circularity
(CR) to characterize the particle shape. The aspect ratio of a
particle is defined to be the length ratio between the minor
and major axes [39–42], and the circularity is referred to as
the square of the perimeter ratio between this particle and
an equivalent circular particle having the same area [43–45].
The values of shape parameters are given in Fig. 1. The parti-
cle density is 2.65 g/cm3. The stiffness of bottom wall in both
normal and tangential directions is 1.0 × 109 N/m. We used
the linear elastic model to describe the contact behaviour
between particles, and specified the normal and tangential
stiffness of particles to be 1.0 × 109 N/m. We set the inter-
particle and particle-wall friction coefficients to be 0.5. The
local damping mechanism built in PFC2D is automatically
activated, with the damping ratio set to be the default value
0.7.

As schematically shown in Fig. 2a, we constructed the
sandpiles by pouring the particles which are physically dis-
persed in a narrow rectangular domain, onto a bottom wall.
The narrow rectangular domain serves as a point source, with

the dimension being 0.14 × 1.6 m2. The floor is flat, with no
micro-roughness, and the bottom layer of particles are not
fixed in this study. Each sandpile contains about 2600 parti-
cles (see Fig. 2b). The angles of repose were estimated from
the slopes of the left and right profiles.

The microstructures in granular media are usually quan-
tified by the fabric tensor [46–50]. Kanatani [46] derived
the fabric tensor of different ranks and used them to char-
acterize the discrete distributional data. Topic et al. [48]
described the microstructures by proposing the fabric tensor
(i.e. Minkowski tensor) on the basis of the Voronoi tessella-
tion of a particulate system. Rothenburg and Bathurst [49]
used several continuous functions to characterize the angu-
lar distribution of microstructures and contact force network,
with respect to the solid phase of granular packing:

Contact orientation:

E(φ) = E0 {1 + an cos 2(φ − φn)} (1)

Contact normal force:

f (φ) = f0
{
1 + a f cos 2(φ − φ f )

}
(2)

Contact tangential force:

t (φ) = − f0at sin 2(φ − φt ) (3)

where E0 represents the distribution probability density at
an isotropic state and equals 1/2π for a 2D case; f0 is the
measure of mean contact normal force with the contacts
in different directions given equal weight; φ refers to an
interested direction angle; an , a f and at give the anisotropy
magnitudes respectively for contact orientation, contact nor-
mal force and contact tangential force, and φn , φ f and φt

denote the principal direction of anisotropy. In addition, one
is able to define a probability density function similar to
Eq. (1), to describe the angular distribution of particle ori-
entations and thus have two similar indices: a0 and φ0, to
characterize the fabric anisotropy of particle orientations.

3 Results and analysis

3.1 Effect of particle shape on angle of repose

Figure 3 plots the angles of repose for both left and right parts
of sandpiles, respectively, against the aspect ratio AR and
circularity CR. The angle of repose α is shown to decrease
with the increase of AR and CR, implying that the more
irregular the particle shape is, the larger the angle of repose
is. This observation agrees with the experimental results of
Ref. [45], which have been superimposed onto Fig. 3b.

Furthermore, we note that the experimental data of Ref.
[45] are below the angles of repose for the cases of irregular
shapes, but they are above those for the case of circular shape.
This can be mainly ascribed to the reasons in two respects:
(1) a kind of sand-sphere mixtures was used in the test of
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Fig. 3 The relations of angle of repose with the shape parameter: a α

versus AR, b α versus CR

Ref. [45], and the use of spherical particles may decrease
the angle of repose due to the idealized particle shape; (2)
the test setup is different from the numerical model in this
study. In Ref. [45], an apparatus called as “Hele-Shaw cell”
was used, in which the sandpile was bounded by two walls,
including both horizontal and vertical boundaries, whereas
there exists only the horizontal boundary wall in the current
study. Nevertheless the boundary effect is an interesting issue
requiring further study in the future. As far as rolling friction
is concerned, it is assumed to be absent in this study. It is
thought that the rolling friction would not play a primary
role because the rolling friction is usually far less than the
sliding friction for common granular materials.

3.2 Micromechanical analysis

3.2.1 Contact orientations

Figure 4 describes the relations between the fabric anisotropy
of contact orientations and the shape parameter. We can
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Fig. 4 The relations of fabric anisotropy of contact orientations with
the shape parameter: a φn versus AR, b φn versus CR

find that the principal anisotropy direction φn for the left
part increases as AR and CR increase, but it decreases with
AR and CR for the right part, signifying that the principal
anisotropy direction deviates increasingly away from the ver-
tical direction as the shape parameter increases. We are able
to see more clear evidences from the rose diagrams in Fig. 5,
which exhibit the angular distribution of contact unit normal
vectors in sandpiles.

We here plot the deviation angle �φn of principal
anisotropy direction relative to the vertical direction, against
the angle of repose α (see Fig. 6). �φn is shown to reduce
with α. Interestingly, there seems to exist a linear relation-
ship between �φn and α, in which the summation of �φn

and α approximates to a constant 47◦.

3.2.2 Particle orientations

Figure 7 presents the relations of the fabric anisotropy of
particle orientations with the aspect ratio. The principal
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Fig. 5 The angular distribution
probability densities (%) of
contact orientation vectors: a
left part of the case shape A
(AR = 1.0, CR = 1.0), with
φn = 64◦, b right part of the
case shape A, with φn = 113◦, c
left part of the case shape E (AR
= 0.5, CR = 0.798), with
φn = 84◦, and d right part of
the case shape E, with φn = 94◦
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Fig. 6 The relationship between the deviation angle �φn and the angle
of repose α

anisotropy direction φ0 for the left part of the case shape
B is a negative value which refers to a direction in the fourth
quadrant of Cartesian coordinate system. As particle shape
becomes more irregular, φ0 increases with the decreasing
AR, meaning that the principal anisotropy direction gradu-
ally rotates upward in the anti-clockwise direction, and φ0

for the case shape E has even become a positive value denot-
ing a direction in the first quadrant. The principal anisotropy
direction for the right part undergoes a reverse variation
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Fig. 7 The relations of fabric anisotropy of particle orientations with
the aspect ratio: φ0 versus AR

trend. One is able to have closer scrutiny into the fabric
anisotropy of particle orientations from the rose diagrams in
Fig. 8.

Of great interest is the observation that the two best fit
lines cross at the point (0.6, 0). We may infer that as AR
varies, the two principle anisotropy directions respectively
for the left and right parts of sandpile will reach a compromise
state where these two half parts share the same principal
anisotropy direction, and this characteristic state will take
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Fig. 8 The angular distribution
probability densities (%) of
particle orientation vectors: a
left part of the case shape B (AR
= 0.8), with φ0 = −13.6◦, b
right part of the case shape B,
with φ0 = 16.2◦, c left part of
the case shape E (AR = 0.5),
with φ0 = 5.9◦, and d right part
of the case shape E, with
φ0 = −6.7◦
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place at AR = 0.6, with the common principal anisotropy
direction being basically horizontal (i.e. φ0 = 0◦).

Figure 9 gives the angular probability distributions of par-
ticle orientation vectors for the concerned four cases. We can
see that the probabilities are the highest around θ = 0◦ and
θ = 180◦, which indicates that the preferred particle orienta-
tions are around the horizontal direction. This finding agrees
with the laboratory test finding of Ref. [8]. The observation
also suggests that the granular flow along the sandpile sur-
face does not exert a considerable impact on the orientations
of particles, since the preferred particle orientations are not
around the directions parallel to the sandpile profiles. Never-
theless one is still able to note that most particles are oriented
beneath the directions of the left and right profiles of sand-
piles, as the probabilities of particles being oriented within
the two angle ranges 0◦ < θ < α and 180◦ − α < θ < 180◦
, are comparatively large. For instance, the probability of
particles orienting in these two angle ranges is around 60%
for the case shape D (α = 36.4◦). As schematically illus-
trated in Fig. 10, the particles at “State I/III” (i.e. being
oriented below the directions of the profiles of sandpile) are
more stable than the ones at “State II/IV” (i.e. being oriented
above the directions of the profiles of sandpile), and this may
be the main reason why the preferred orientations of most
particles are underneath the directions of the sandpile pro-
files.

3.2.3 Contact forces

We here plot in Fig. 11 the deviation angle �φ f formed
between the principal anisotropy direction of contact normal
forces and the vertical direction, against the angle of repose
α, finding that �φ f appears to demonstrate a positive lin-
ear correlation with α, which is approximately expressed to
be 0.67α. This indicates that the force anisotropy intensi-
fies as the irregularity of particle shape is aggravated. We
see from Fig. 12a that the weak force chains dominate the
force network in quantity. The weak force chains are here
defined to be the ones, in which the contact forces are less than
the overall average contact force. As evidenced by Fig. 13,
the occurrence probability of contacts with normal (tangen-
tial) contact forces Ncf (Tcf ) being less than the average
contact force (Ncf )ave (e.g. Pn ≈ 0.68 at the condition of
Ncf /(Ncf )ave < 1), is relatively high, irrespective of the
effect of particle shape. However, this does not mean that the
weak force chains play a core role in the formation of arches
in sandpiles. The strong force chains lie in the inner zone of
sandpiles, propagating in general inclined to the middle axis
line, and this has led to the formation of arches. Clearly the
strong force chains play a vital role in the mobilization of
arching effect.

Also, Fig. 12b shows that the principal stresses in the mid-
dle part of sandpiles are almost orientated in the horizontal
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Fig. 9 The probabilities of the angular distribution of particle orienta-
tion vectors for a the left part, and b right part (α = 36.4◦ for the case
shape D)
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Fig. 10 Schematic illustration of the preferred orientations of particles

and vertical directions, and their orientations at the left and
right sides have rotated. The rotation of principal stresses is
evidently linked with the inclined propagation of strong force
chains, and it is a manifestation of arching effect.

4 Discussion

In the following, we make a further discussion on the arching
effect. We firstly plot in Fig. 14 the contact forces in the
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Fig. 11 The relationship between the deviation angle �φ f and the
angle of repose α

main force chains (Ncf > (Ncf )ave) projected at various
directions. The projected contact force at a given direction
is a measurement of arching effect in this direction. We find
that the projected contact forces for the left and right parts of
sandpiles are symmetrical about the projection direction θ =
90◦ degrees. The peak projection force refers to the strongest
arching phenomenon. Thus we can conclude from Fig. 14 that
the strongest arching effect for the left part takes place in a
directional zone of θp = 75◦ ∼ 80◦ degrees, irrespective
of the effect of particle shape, with that for the right part
symmetrically occurring in the range of θp = 100◦ ∼ 105◦
degrees.

In general the projected contact forces rely not only on
the number and orientation of effective contacts in the force
chains, but also on the force intensities. Therefore we attempt
to relate the arching effect to both fabric and force anisotropy,
by plotting in Fig. 15 the angle θp as a function of the mean
anisotropy direction φmean(= (φ f + φn)/2) which refers to
the intermediate direction of the two principal anisotropy
directions respectively for the contact orientations and con-
tact normal forces. Although the scattering of data points
is not obvious, we note that they almost fall on or beside
the line θp = θmean. This observation implies that the
strongest arching effect almost occurs in the mean anisotropy
direction. This interesting finding may shed some light on
the relationship between the arching effect and the fabric
anisotropy.

5 Conclusions

We have probed the origin of angle of repose by conducting
a DEM simulation of sandpile formation in consideration of
the effect of particle shape. We have revealed the relation-
ships between the angle of repose and the fabric anisotropy:
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Fig. 12 Force chains and
principle stress field (shape D):
a force chains (red and blue
represent respectively the strong
and weak force chains), and b
principle stress field (color
figure online)
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Fig. 13 The occurrence probability of contacts at different force mag-
nitude levels: a contact normal force, b contact tangential force
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Fig. 14 Projection of the contact forces in the main force chains in the
a left part, and b right part of sandpiles

123



Micromechanical origin of angle of repose in granular materials Page 9 of 10 24

0

30

60

90

120

150

0 30 60 90 120 150
Mean anisotropy direction, mean (º)

Pr
oj

ec
tio

n 
an

gl
e,

 p
 (º

)

Left Right

Fig. 15 The correlation of θp with the micromechanical index φmean

(1) the summation of the angle of repose α with the devia-
tion angle �φn is nearly a constant; (2) the deviation angle
�φ f exhibits a positive correlation with the angle of repose,
which is approximately expressed to be �φ f = 0.67α in
this study. We have interestingly noticed that the principal
anisotropy directions of particle orientations undergo rota-
tions as AR varies. Also we have identified a characteristic
aspect ratio AR = 0.6, at which the principal anisotropy direc-
tions of particle orientations in the left and right parts of
sandpiles tend to lie in the horizontal direction. By exam-
ining the projected contact forces of main force chains, we
have found that the strongest arching effect takes place in
the two symmetrical directional zones θp = 75◦ ∼ 80◦
degrees (left part) and θp = 100◦ ∼ 105◦ degrees (right
part), and that the directional angle θp is basically the inter-
mediate direction of the two principal anisotropy directions
respectively for the contact orientations and contact normal
forces.

Lastly it should be mentioned that we constructed the
sandpiles from a point source and in a wedge sequence, and
the results and conclusions may be only valid for this situa-
tion.
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