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Abstract:Whether a granular assembly of frictionless particles has shear strength is a very interesting but not well-understood question. This
study addressed this question using discrete element method (DEM) simulations along with an energy-based analysis. It is shown that the use
of artificial damping in DEM simulations leads to a frictionless assembly exhibiting normal quasi-static shear behavior, with the overall angle
of friction at the critical state being nonzero. However, when this artificial damping is absent, the frictionless assembly cannot achieve a quasi-
static state but rather exhibits a stress oscillating state, with all particles in vibration, and the shear strength is expected to be zero. From an
energy perspective, it is shown that the artificial damping used in DEM simulations plays the sole role in energy dissipation for the frictionless
assembly and that it facilitates the establishment of a quasi-static state from which shear strength is mobilized. Therefore, the nonzero angle of
shear resistance reported in the literature for frictionless granular assemblies under quasi-static shear should be regarded as a false rather than a
true strength parameter.DOI: 10.1061/(ASCE)GM.1943-5622.0001005.© 2017 American Society of Civil Engineers.

Author keywords: Granular material; Shear strength; Friction angle; Damping; Energy dissipation.

Introduction

Owing to their inherently discrete nature, the mechanical behavior of
granular materials is highly complex. In past decades, the linkage
between the basic particle attributes and the overall mechanical
behavior of granular media have been extensively investigated [e.g.,
Skinner (1969), Ni et al. (2000), Ng (2004), Cho et al. (2006), Antony
and Kruyt (2009), Cavarretta et al. (2010), Abedi and Mirghasemi
(2011), Yang and Wei (2012), Yang et al. (2012), Barreto and
O’Sullivan (2012), Cole (2015), Yang and Luo (2015), Dai et al.
(2015, 2016a), and Yang et al. (2016)]. The influence of interparticle
friction is a major concern. Fig. 1 shows the variation of the overall
friction angle at the critical state (f cs) with the interparticle friction
angle (f m), obtained from various numerical simulations using the
discrete element method (DEM). Due to the use of idealized numeri-
cal models, the values for friction angle in the DEM simulation are in
general lower than those obtained from laboratory tests on real soil
[e.g., Bolton (1986), Santamarina and Cho (2001), Yang and Luo
(2015), and Xiao et al. (2016)]. Of particular interest in Fig. 1 is the
idealized case where interparticle friction is absent (i.e., f m = 0°).
The results of Oger et al. (1998), Maeda et al. (2006), Kruyt and
Rothenburg (2006), and Peña et al. (2008) indicated that the overall
friction angle f cs is a nonzero value, ranging from 5° to 11°. The
simulations of Thornton (2000) and Suiker and Fleck (2004) showed
that f cs approximately approaches zero at f m = 0°. The theoretical
prediction of Bishop (1954) also suggested that the macroscopic
angle of friction should be zero at f m = 0°. The contradictory results
in the literature raise a question that is of fundamental interest: does
an assembly of frictionless particles have shear strength?

Note that the ideal case of f m = 0° cannot be achieved in real
laboratory experiments but can only be obtained in DEM simula-
tions. In most DEM simulations, in addition to the friction damping
generated from the interaction of particles, artificial damping (con-
tact damping or global damping) is usually adopted to dissipate the
energy so that computation efficiency is enhanced (Cundall and
Strack 1979). In the special case of f m = 0°, no dissipation of fric-
tional energy occurs and artificial damping is thus expected to play
a central role in so-called quasi-static shearing. To gain a fundamen-
tal understanding of the question, a series of DEM simulations of
biaxial shear tests are designed and carried out in this study, with
particular attention paid to the role of artificial damping. Analysis is
also conducted from the perspective of energy conservation to
examine the origin of the shear strength in frictionless assemblies.

Numerical Implementation

The DEM program PFC2Dwas employed to do the numerical simu-
lations of biaxial shear tests. All specimens consisting of frictionless
disks are 25� 25 mm2, and they were prepared by the expansion
method, so that the potential effect of anisotropy was eliminated.
According to the method of statistical analysis adopted by Dai et al.
(2015, 2016b), the anisotropy magnitude of contact orientations was
determined to be 9� 10−3, which indicates an almost isotropic state.
The particle size distribution curve is given in Fig. 2. Three groups of
biaxial shear tests in which the damping conditions were varied were
conducted. The specimens in Group I were sheared in the drained
condition, with the damping ratio ranging from 0.01 to 0.7. In the
simulation, the quasi-static shear was ensured by introducing a cy-
cling requirement that specified an upper limit for the ratio between
the maximum unbalanced force and the average contact force (1‰
in this study). During shear, the ratio between the maximum unbal-
anced force and the average contact force was monitored, and addi-
tional cycling was executed if the ratio value exceeded this specified
upper limit. Similar criteria have been used by other researchers in
carrying out DEM simulations [e.g., Li (2006), Ng (2006), and
Mahmud Sazzad (2014)]. For the specimens in Group II, a quasi-
dynamic shear, which refers to monotonic shearing without the con-
trol of the unbalanced forces, was executed in the undrained mode
with the damping and interparticle friction set to zero. In this
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execution, the ratio between the maximum unbalanced force and the
average contact force was not monitored, and the unbalanced state of
the granular system was not adjusted to achieve quasi-static shear
through additional cycling. In Group III, a quasi-static shear was tried
at zero damping and zero interparticle friction, with the same cycling
requirement as used in Group I. Note that the drained shear is not ap-
plicable for the cases in Groups II and III, due to the difficulty of con-
trolling constant confining stresses, and undrained shear is thus
adopted. The nonzero interparticle friction coefficient is initially used
to prepare numerical specimens with a normal packing state. In the
subsequent consolidation and shearing processes, the interparticle
friction is reset to zero. The loading rate is set at an extremely low
level, D« a = 8.0� 10−8/step. Tables 1 and 2 give the modeling and
specimen information.

The dampingmechanism introduced in this study is the local damp-
ingdefinedinPFC2Dandisapplied in theequationsofmotiongivenby

m€xi ¼
X

Fi � D

����
X

Fi

����sgn _xið Þ i ¼ 1; 2 (1)

I€θ ¼
X

M� D

����
X

M

����sgn _θð Þ (2)

where m and I are the mass and moment of inertia of the particle, €xi
and _xi are the components of translational acceleration and velocity,
€θ and _θ are the angular acceleration and velocity, RFi is the com-
ponents of the resultant out-of-balance force, RM is the out-of-
balance moment, and D is the damping coefficient. The local
damping represents the effect of dashpots connecting the particle
with the ground, and it can be thus considered as equivalent to the
global damping in Cundall and Strack (1979), in which the damp-
ing force and moment are related respectively to the translational
and angular velocities through the damping coefficient. At a given
instant, it would appear difficult to make an overall estimation of
the damping effect based on all the individual damping forces and
moments and establish a direct relationship between artificial
damping and the global shear strength at a microscopic level, but
this does not influence the discussion of the themed issue. The
definition of the stresses and strains in this study follows that of
Yang and Dai (2011).

The aim of this study is exactly to explore the possible reasons
for the contradictory results on whether a granular assembly of par-
ticles has a nonzero bulk friction angle if interparticle friction is
absent. The assembly of frictionless particles is an ideal case, but it
is for this ideal case the controversy arises. The effects of particle
shape, loading paths and/or boundary conditions on the bulk behav-
ior of more realistic granular materials (with nonzero interparticle
friction), are beyond the scope of this study. In terms of the bound-
ary effect, many researchers have adopted similar 2D numerical
models and obtained reasonable results in their simulations (Olivera
Bonilla 2004; Li and Yu 2010, 2013; Gu et al. 2013). In particular,
the use of frictionless boundary wall and particles in this study will
mitigate the boundary effect.

Simulation Results

Shear Behavior with Artificial Damping

Fig. 3 shows the shear responses of the specimens in Group I (TS-1
to TS-4). The level of shear strain in this study is comparable to that
found in Thornton (2000). Although these specimens are sheared
under different damping conditions, they demonstrate similar shear
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Fig. 1. Relationship between the critical-state friction angle f cs and
the interparticle friction angle f m
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Fig. 2. Particle size distribution curve in present study

Table 1. Parameters Used in the Simulations

Model parameter Value

Particle density [r , (g/cm3)] 2.65
Interparticle sliding and rolling friction (m s and m r) 0.0
Wall friction (mw) 0.0
Normal and tangential stiffness [kn and kt (N/m)] 1.0� 109

Wall stiffness [kw (N/m)] 1.0� 109

Table 2. Sample Information

Test group Test name Shear mode p0 (kPa) e0 PN D m ini

Group I TS-1 Quasi-static 100 0.196 2936 0.01 0.1
TS-2 Quasi-static 100 0.196 2936 0.1 0.1
TS-3 Quasi-static 100 0.196 2936 0.3 0.1
TS-4 Quasi-static 100 0.196 2936 0.7 0.1

Group II TS-5 Quasi-dynamic 100 0.196 2936 0 0.1
TS-6 Quasi-dynamic 500 0.195 2936 0 0.1

Group III TS-7 Quasi-static (trial) 100 0.196 2936 0 0.1

Note: p0 = initial confining stress; e0 = initial void ratio; PN = particle num-
ber; D = damping ratio; m ini = friction coefficient before consolidation.

© ASCE 04017102-2 Int. J. Geomech.

 Int. J. Geomech., 2017, 17(11): 04017102 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

U
ni

ve
rs

ity
 o

f 
H

on
g 

K
on

g 
on

 1
1/

05
/2

0.
 C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.



behaviors (Fig. 3). At the grain scale, the angular distributions of
normal contact forces at different strain levels are also almost the
same (Fig. 4). These results suggest that the influence of varying
damping is insignificant. Li (2006) also observed insignificant influ-
ence of varying damping coefficients on the overall behavior of
granular assemblies under quasi-static shear. However, it is worth
noting that the deviatoric stress q exhibits distinct fluctuations during
shear under different damping conditions. This may suggest that the
frictionless granular system is metastable, and a tiny step of shear
loading can lead to a considerable disturbance and subsequently
intense particle motions that need to be stabilized by the artificial
damping mechanism for a quasi-static shear. This is because in the
zero interparticle friction condition, intense and rapid particle rear-
rangements may occur. The loading rate D« a = 8.0� 10−8/step is
considered to be reasonably low compared to that of published stud-
ies on frictionless assemblies (e.g. Peña et al. 2008; Thornton 2000).

In Fig. 3(b), the evolution of volumetric strain does not reach a
plateau stage at large shear strains, indicating that the critical state is
not yet achieved. To determine the critical-state friction angle f cs,
the stress-dilatancy data is fitted by the Rowe’s stress-dilatancy
equation (Wood 1990; Dai et al. 2016b), in which the soil friction
angle f f is taken to be the critical-state friction angle f cs. The use
of Rowe’s stress-dilatancy relationship to derive the friction angle
in a critical state has been adopted by a number of researchers, for

example, Zhang and Salgado (2010) and Simoni and Houlsby
(2006). A similar approach has also been adopted by Bolton (1986)
in his analysis of experimental data sets from published literature on
sands. The advantage of this approach is that it minimizes the influ-
ence of uncertainty associated with the determination of the critical
state at large strains. It should be pointed out that the best fit analysis
with the Rowe’s stress-dilatancy relationship was done with respect
to the whole shearing process rather than a particular shearing state.
As shown in Fig. 5, the value of f cs is not zero but takes a value of
about 5°, which is quite close to the values reported in the literature
for frictionless assemblies (Fig. 1).

Shear Behavior without Artificial Damping

Fig. 6 shows the overall responses of the two specimens TS-5 and
TS-6 in Group II, which are subjected to a quasi-dynamic shear
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Fig. 3. Quasi-static shear behaviors of specimens with the introduction
of damping (p0 = 100 kPa, f m = 0° and D= 0): (a) q versus «a; (b) « v

versus «a
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without setting a cycling requirement with respect to the unbalanced
force. The deviatoric stress q in Fig. 6(a) is nearly zero when the
axial strain «a is less than 2.5%. Beyond this strain level, it starts to
fluctuate approximately about a neutral zero value, and the fluctua-
tions are persistently exacerbated as shearing goes on. Fig. 6(b)
shows that the average unbalanced force Uf is at an almost constant
low level during the initial shearing, which is then followed by a
marked increase. As shown in Fig. 7(a), the coordination numbers
of these two cases, which refer to the average contact numbers per
particle, are both around 4 at the initial state and decrease rapidly
upon shearing; then they tend to maintain at a low level (below 3) in
the subsequent shearing, with the minimum coordination number
being around 2.5. Fig. 7(b) shows a continuous increase of kinetic
energy for these two specimens. The simulations indicate that per-
sistent shearing without artificial damping makes an initially static
granular system transit toward an oscillating system in which the
individual particles are all in a vibrationmode.

For comparison, in Group III a quasi-static shear without artificial
damping is tried on specimen TS-7 with the introduction of the same
cycling requirement as is used in Group I. As can be seen in Fig. 8,
where the variation of unbalanced force is plotted against the cycling
step number after one loading step, no quasi-static shear can be exe-
cuted for this specimen. The average unbalanced force Uf keeps
increasing and undergoes an obvious leap at step number 2.4� 108,
signifying that the instability of the specimen TS-7 is aggravated and
no convergence can be achieved for this trial step of loading.

The specifically designed DEM simulations show that only the
specimens in Group I can attain a quasi-static shear response from
which nonzero critical-state shear strength can be derived. This lends
support to the hypothesis that the artificial damping mechanism
functions to dissipate energy and thus assists the establishment of a
stable particulate system that is capable of sustaining a quasi-static
shear. As there is no artificial damping mechanism in the other two
groups of numerical simulations, no energy dissipation can take
place, and consequently, these granular assemblies are transformed
into an oscillating systemwith all particles in a vibrationmode.

Analysis from an Energy Perspective

The simulations indicate that artificial damping plays an important
role in the energy dissipation of a granular system. It is thus of

interest to examine energy dissipation in DEM simulations in detail.
For a triaxial or biaxial compression test, the energy-work equation
can be formulated in a general form as (Dai 2010):

qdɛq þ p0dɛv ¼
X

dEfriction þ
X

dEstrain þ
X

dEkinetic

þ
X

dEdamping (3)

in which q and p0 are the deviatoric and mean effective stresses,
d«q and d« v are the deviatoric and volumetric strain increments,
dEfriction is the incremental thermal energy dissipated through parti-
cle sliding and rolling, dEstrain is the incremental potential energy
relating to the elastic deformation of the particles themselves,
dEdamping is the energy loss induced by damping in the loading step,
and dEkinetic is the incremental kinetic energy of particles, which
depends on the particle motions, including both translation and rota-
tion. The symbol R in Eq. (3) refers to summation over contacts or
particles. It is postulated in Eq. (3) that no breakage and plastic de-
formation occurs in the particles. Generally, each loading step in a
DEM simulation involves a process of transforming the input work
into the thermal energy dissipated through friction, potential (strain)
energy stored at contacts, kinetic energy relating to particle
motions, and the energy consumed by damping. Eq. (3) also indi-
cates that two important energy dissipation means exist: friction
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and damping. As far as the special case (f m = 0°) is concerned, the
frictional dissipation is zero, so Eq. (3) is modified to:

qdɛq þ p0dɛv ¼
X

dEstrain þ
X

dEkinetic þ
X

dEdamping (4)

Fig. 9 depicts the energy responses of the specimens in Group I.
The first two plots show that the input work and the damping con-
sumed energy evolve in almost the same manner during shear, sug-
gesting that most input work is consumed by the damping mecha-
nism. The kinetic energy and strain energy are calculated by
executing integrated commands built into the software. The damp-
ing consumption is worked out by deducting the kinetic energy of
the particles and strain energy stored at contacts from the total input
work. Note that aside from some occasional spikes, kinetic energy,
as shown in Fig. 9(c), is at a low level (below�4.0� 10−5 N·m) and
its increment RdEkinetic in each loading step can be neglected for a
quasi-static shear. As shown in Fig. 9(d), the strain energy for large
strains also fluctuates at a very small level (�0.004 N·m) compared
with the damping consumed energy, implying that the incremental
strain energy RdEstrain approximately approaches zero for large
strains as well. This observation is in agreement with the DEM sim-
ulation result of Kruyt and Rothenburg (2006) that the strain energy

tends to be at a constant level for large strains. Hence the energy
work equation at the critical state can be further expressed as:

qdɛq ¼
X

dEdamping (5)

It then follows that the input work is entirely dissipated by
damping at the critical state and the shear strength depends solely
on the energy dissipation through damping. Taking the specimen
TS-3 as an example, Fig. 10(a) shows that the evolution of input
work against shear strain almost overlaps with that of the damp-
ing consumed energy. At large shear strains, the energy loss
induced by damping accounts for nearly 100% of the total input
work [Fig. 10(b)].

Concluding Remarks

For the special case f m ¼ 0°, artificial damping plays the sole role
in energy dissipation in DEM simulations, contributing to the
achievement of a quasi-static shear. It can therefore be thought that
energy dissipation through damping helps build up a stable energy
system at a quasi-static state, based on which the shear strength is
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mobilized. Without the effect of damping, a stable energy-work
system cannot be established in a quasi-static state and shear
strength at the critical state should be zero according to Eq. (5).

This view is, to some extent, validated by the DEM simulations of
specimens in Groups II and III. Note that the deviatoric stress, as
shown in Fig. 6(a), is nearly zero under low-input work in the ini-
tial shearing stage and no shearing can be performed on the speci-
men TS-7. These observations suggest that an idealized friction-
less granular medium is unable to sustain any shear load, and
accordingly that the shear strength should be zero. This deduction
is congruous to the DEM simulation results of Thornton (2000)
and Suiker and Fleck (2004), which indicated that the critical-
state friction angle f cs is close to zero at f m ¼ 0°.

According to the DEM simulations in this study, the nonzero
critical-state friction angle reported in the literature for assemblies
of frictionless particles is ascribed to the energy dissipation through
damping. It is thought that the artificial damping mechanism,
including the global damping in Cundall and Strack (1979) and
local damping in PFC2D, does not represent the real damping
mechanisms associated with the interactions at particle contacts in
the form of sliding and rolling and plastic deformation. Although
contact damping, which is also referred to as viscous contact damp-
ing, has physical significance and is connected with viscous contact
behavior or inelastic collisions between particles, it is usually artifi-
cially utilized by researchers as an auxiliary measure of computa-
tion to achieve rapid convergence to the equilibrium configuration,
and its use does not reflect or relate to any real physical situation.
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Fig. 9. Energy responses of specimens with the introduction of damping (f m = 0° andD= 0): (a) input work; (b) damping consumption; (c) kinetic
energy; (d) strain energy
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For instance, Peña et al. (2008, p. 146) “introduce a viscous force,
which is necessary to maintain the numerical stability of the method
and to obtain a quick convergence to the equilibrium configura-
tion.” Hence the shear strength obtained from DEM simulations in
the absence of interparticle friction, in which artificial damping is
used or a damping mechanism is artificially used, should not be
treated as the true strength.
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Notation

The following symbols are used in this paper:
q ¼ deviatoric stress;
p' ¼ mean effective stress;
«v ¼ volumetric strain;
«q ¼ deviatoric strain;
« a ¼ axial strain;
f m ¼ inter-particle friction angle;

f cs ¼ critical-state friction angle;
D ¼ damping ratio;
Uf ¼ unbalanced force;

m (m s) ¼ inter-particle (sliding) friction coefficient;
m r ¼ inter-particle rolling friction coefficient;
mw ¼ wall friction coefficient;
kw ¼ wall stiffness;
kn ¼ normal stiffness;
kt ¼ tangential stiffness;

Estrain ¼ strain energy stored at contacts;
Ekinetic ¼ kinetic energy of particles;
Efriction ¼ frictional dissipation energy; and
Edamping ¼ energy loss induced by damping.
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