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Abstract

Water-saturated porous materials can sustain two types of compression waves, of which the
second type is highly attenuated. Although the characteristics of independent waves of these
two types are known, the knowledge of their individual contributions in dynamic response of
saturated soils is limited. In this paper, a study is presented for a boundary value problem to
quantitatively compute the individual contributions of these two waves. The problem corre-
sponds to a water-saturated soil column subjected to steady-state vertical vibration at the
base. The two-phase behaviour of soil is represented by the complete Biot’s theory, which
accounts for both viscous and mass couplings as well as the compressibility of constituents.
A separation analysis procedure is presented which makes it possible to rigorously derive
various responses such as displacement, total stress, pore pressure and relative fluid flow
velocity in terms of the individual parts due respectively to the two compression waves.
Numerical results are given to illustrate the behaviour of individual parts as affected by
viscous coupling, mass coupling as well as loading frequency. © 2000 Elsevier Science Ltd.
All rights reserved.
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1. Introduction

It is known that soil can be more appropriately regarded as a two-phase porous
continuum which is composed of a soil skeleton and pore water. Ocean sediments
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and rocks may also be seen as materials of this category. The dynamics of water-
saturated porous materials is therefore of considerable interest in geotechnics, off-
shore engineering and seismology. The behaviour of water-saturated porous mate-
rial differs considerably from that of single phase solids due principally to the
presence of pore water. One fundamental difference is the existence of a second type
of compression wave in saturated media in addition to the compression wave of the
first type and the shear wave which are similar to the corresponding ones in ordinary
elastic theory for solids [1,2]. The second type of compression wave is a true propa-
gating wave only in high frequency range while it is associated with a diffusion type
process at low frequency due to viscous coupling between solid and fluid phases. The
motion of the solid skeleton and pore fluid are nearly in phase during the propaga-
tion of the first compression wave, the attenuation of which by viscous damping is
relatively small. On the other hand, the compression wave of the second kind results
from the out-of-phase movements of the solid skeleton and pore fluid, and is highly
attenuated. Figs. 1 and 2 show the computed velocity and attenuation of these two
types of compression waves in a typical sand and a normally consolidated clay as a
function of frequency. Here f; denotes the characteristic frequency of porous soils,
depending on the porosity, permeability and fluid viscosity [1], while O is quality
factor. As can be seen, the attenuation of the second compression wave is several
orders higher than that of the first one at low frequencies which results in difficulty
in detection. On the other hand, in the high frequency range the velocity of the sec-
ond compression wave is close to that of shear wave which makes it hard to distin-
guish them also [3]. The first experimental observation of the second compression
wave was reported by Plona [4] in artificial porous materials. More recently, this
type wave was successfully measured in granular soils by using a pulse transmission
system combined with a conventional triaxial testing system [5].

Due to its high damping characteristics, it is natural to think that in the dynamic
response of a saturated porous material the contribution from the second compres-
sion wave is much smaller than that from the first one and only the wave of the first
type needs to be considered. However, this intuitive judgement has not yet been fully
clarified in a quantitative sense because most problems corresponding to dynamic
excitations applied to saturated porous materials (e.g. [6—10]) have been solved in an
overall sense (i.e. the individual contributions from the two compression waves have
not been explicitly identified). Some interesting issues related to the individual con-
tributions in dynamic response, such as how the individual parts perform in the
response, what is the influence of the viscous and mass couplings on the individual
contributions, and the frequency-dependent behaviour of the individual parts are
not very clear.

On the other hand, it has been shown that the presence of the compression wave
of the second type has an effect upon the reflection and absorption at any saturated
porous solid boundary although it is highly attenuated, suggesting that its existence
may not be entirely overlooked especially in high frequency range [11,12]. Recently,
it has been shown that the viscous coupling in poroelastic material is strongly
affected by the hydraulic conditions at the boundary [13], which can produce a sig-
nificant influence on the generation of the second compression wave [14,15]. Therefore,
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Fig. 1. Computed velocity and attenuation of two compression waves in a typical sand.

there remains a need and an interest to quantitatively examine the individual con-
tributions of the two compression waves in dynamic response of saturated porous
materials, which would provide a better understanding of dynamic behaviour of
poroelastic materials. In particular, with the availability of laboratory measurement
of the second compression wave in soil samples, the understanding presented in this
study would be helpful in making use of its characteristics in determining some soil
properties [3].
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Fig. 2. Computed velocity and attenuation of two compression waves in a typical clay.

To this end, a problem corresponding to the response of a water-saturated soil
column subjected to steady-state vertical base excitation is analyzed herein. The soil
is modeled as a saturated two-phase material by using complete Biot’s theory, which
takes into account not only the compressibility of the soil grains, soil skeleton and
pore water, but also the dissipation due to the fluid viscosity and the mass coupling
between the two phases. A separation analysis procedure is presented, which makes
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it possible to rigorously derive the responses of displacement, total stress and pore
pressure in terms of the individual contributions of the two types of waves. Numer-
ical results are presented to show the behaviour of individual parts as affected by
viscous and mass couplings as well as loading frequency.

2. Governing equations and separation analysis

The physical model considered in this study is shown in Fig. 3. The steady-state
displacement excitation is acting at the impermeable, rigid base (z=0) of a water-
saturated soil column, while the surface of the column (z= L) is stress-free and free
draining. This model may correspond to a soil layer subjected to vertical seismic
action in the filed or represent a shaking table case (in vertical direction) in the
laboratory [16]. In the context of Biot’s theory, the governing equations for this one-
dimensional problem can be written as [13]
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Fig. 3. A soil column subjected to vertical excitation at rigid base.



84 J. Yang, T. Sato | Computers and Geotechnics 27 (2000) 79—-100

u n MBZW 8*u + Pw n ow
e = O — -
PY) Proe T e T 0%,

M ow
* az2

(@)

where u and w are, respectively, displacements of solid skeleton and pore fluid with
respect to the solid phase; ps, pr are mass densities of solid grains and fluid, respec-
tively, p = (1 — n)ps + npg, n is porosity; the parameter m describes the mass cou-
pling effect and depends on the density of fluid and the geometry of the pores and
can be expressed as m = spg/n, s is the experimentally determined parameter known
as the structure factor [2,17]; the parameter b accounts for the viscous coupling due
to the relative motion between the solid and fluid phases, which is defined as n/k, n
is the fluid viscosity and k is the permeability with the unit m?. In the case of high
frequency where the assumption of Poiseuille flow is not valid, the viscosity may
depend upon frequency and pore structure in a complicated manner, as discussed in
[2,18]. In most situations this is not the case of concerned. 4, i are the Lame’s con-
stants, A. = 4 +a’M, a, M are the parameters accounting for the compressibility of
the solid and fluid constituents, they can be given as

=12 M= K= KOG 1) 3)

in which K, Ky and Ky, are the bulk moduli of solid grains, fluid and solid skeleton,
respectively. For incompressible solid grains only, « = 1, while for both grains and
pore fluid incompressible, « = 1 and 1/M = 0. The inclusion of the compressibility
of constituents is one important feature of Biot’s theory although it is usually sim-
plified in soil mechanics as seen in [7].

It should be noted that k in our formulation is different from the permeability
coefficient k&’ (m/s) that is used in soil mechanics and they are related by

k=KL 4)
1% 4

in which g is the gravitation acceleration at which the permeability is measured.

For the linear, coupled problem considered, to separate individual contributions
from two types of compression waves one may directly break down the displace-
ments as

U=u + i w=w; + ws %)

and uy, wy, up, wy satisfy the following relationships
u = 51W1 Uy = 52W2 (6)

where u;, wy are attributed to the first compression wave, while u;, w, are associated
with the compression wave of the second type.

For steady-state vibration with circular frequency w (e/’), substitution of the
above equations into the governing equations yields
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Eq. (7) can be de-coupled only if §; and 8, satisfy the following equations

[or(Je + 21) — paM18> + [(Je + 2u)(m — ib/w) — pM]S
+ [aM(m — ib/w) — pM] = 0 )

The boundary conditions for the model considered are as follows: displacement
excitation with a frequency w and amplitude Uj is acting at the impermeable, rigid
base while the surface of the column is stress-free and free draining, that is

z=0: wu=Upe® w=0 (10)
z=L: pr=0 o0=0 (11)

where py is pore pressure

By enforcing these boundary conditions, the displacements can be derived in terms
of individual parts from the two compression waves as (for brevity the steady-state
factor e’ is omitted)

u=u;+u
81 cos[ki(L — 2)]
51 — 82 COS(le) (12)
8, coslky(L — z)]
-U,
81 — 38, cos(kyL)

u1:U0

U =

w=w;+ wy
1 cos[ki(L — 2)]
81 — 52 COS(k]L) (13)
1 cos[ky(L — 2)]
51 — 82 COS(kzL)

w; = Uy

wy = —Uj

where ki, k; are complex wave numbers of the first and second compression waves,
respectively, they can be given as
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in which Kj;, M;; are corresponding elements of [K] and [M], i = +~/—1.

Given the following constitutive equations

0 = At i8jj A i j + 1) — @dypy

pr=—Mw;; —aMu;;

(14)

(15)

(16)

(17)

where oy is the total stress of the bulk material, §; is Kronecker delta, the stress and
pore pressure can be obtained in terms of the contributions from the first (o7 and

pr1) and second compression waves (03 and pyr;) as
pr = pr1 +pe2

ki sinfky(L — 2)]
= — M M
Dr Uy(M +a 51)31 ~ 5 costkiL)

kz Sin[kz(L — Z)]
= M MSs
pr2 = Upy(M + o 2)51 — 35, costal)

o=o01+0

- Ky sinfki (L — )]
o1 = Up[(Ac + 2)81 + aM] 51 =8, costkiL)

B ky sinfka(L — 2)]
02 = ~Unllie + 24008 + M) =5

(18)

(19)

As for the relative fluid flow velocity, which reflects the important viscous damp-
ing in saturated porous material [13], it can be directly obtained by multiplying the

fluid displacement by iw.

3. Behaviour of individual contributions of two compression waves

In this section, numerical computation based on the preceding solutions is
presented to illustrate the characteristics of the individual contributions from the
two compression waves. The properties of a clean coarse sand, as listed in Table 1,

are used in the computation.
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Table 1

Soil properties used in computation

Quantity Notation Value
Bulk modulus of solid skeleton K, 86.7 MPa
Bulk modulus of solid grains K 36 GPa
Bulk modulus of water K, 2 GPa
Lame constant of solid skeleton I 40 MPa
Permeability k 10719 m?
Fluid viscosity n 10~3 N s/m?
Density of grains 0s 2650 kg/m?
Porosity n 0.4

Pore structure factor K 1

3.1. Response of relative flow velocity

As is well known, a key feature of saturated porous material is that it takes on a
viscous character due to the motion of pore fluid with respect of the solid matrix.
Therefore, the behaviour of fluid flow is of interest and worth mentioning. Fig. 4
shows the distribution of the relative flow velocity in the column for a natural fre-
quency /=5 Hz. The length of the column is taken as 15 m. The real and imaginary
components of the relative flow velocity are presented in Fig. 4(a) and (b), respec-
tively, in each of them P-1 and P-2 denote the contributions from the first and
second compression waves, and P-t denotes the sum of the net individual contri-
butions. The flow velocity is normalized here by wU,. Obviously, the individual
contributions from the two waves are quite different. It is seen that while the real and
imaginary parts of the first compression wave are practically constant in the layer,
the components due to the second compression wave vary significantly, especially
within a range near the bottom boundary where the exciting source is acting. In this
range (about 0.2L upward from the bottom), the curve representing the sum of the
contributions takes the trend of the curve for the second compression wave. The
range is referred to herein as the “influence range” from this wave, within such a
range the contribution from the second compression wave is comparable to that
from the first one. Outside the range, the contribution from this wave is negligible
due to its high attenuation. It is also noted that the individual contributions from
these two waves are exactly equal but opposite in sign at the bottom. This is under-
standable, since the bottom boundary is impervious, the solid and fluid phases have
to move together so as to prevent the relative fluid motion.

It is known that the permeability is an important property which characterizes the
porous media and reflects the viscous coupling between the two phases. The impor-
tance of viscous coupling has recently been discussed for reflection and transmission
of waves at a saturated porous boundary [13]. Its influence on the fluid flow, especially
on the individual performance, is interesting. Fig. 5(a) and (b) show the real and
imaginary components of flow velocity for a different permeability k = 10~ m? for
the same frequency. Besides such similar features described earlier can be observed
from Fig. 5 itself, by comparing Figs. 4 and 5, it is found that the permeability is
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Fig. 4. Relative flow velocity in terms of individual contributions from two compression waves as a
function of location (k=10""'" m?).

important for both the individual contributions. The magnitude increases almost by
an order when the permeability increases from k = 1071 m? to k = 10~ m®. This
finding is certainly reasonable from an intuitive point of view, since the lower the
permeability, the resistance between the solid and fluid is larger and subsequently
the relative fluid flow is small. Moreover, an interesting picture is noticed that the
permeability also produces a significant influence on the influence range of the second
compression wave. It is found that the influence range extends from 0.2L to 0.6L with
increasing permeability. The reason is that the influence of permeability on the
damping of the second wave results in the extension of its attenuation distance.



J. Yang, T. Sato | Computers and Geotechnics 27 (2000) 79—-100 89

0.05 r
- (a) real part
2 ( k=10""m” n=0.4, s=1
o
2 0025 F p-2
3 /
o
=
>
F= 0
©
© P-t
3 P-1
= -0025 | /
£
(o]
Z
-0.05 1 1 1 1 J
0 0.2 0.4 0.6 0.8 1
z/L
0014
> (b) imaginary part
B k=10" m’, n=0.4, s=1
o
> 0007 | P-1
2
o
o=
3
E 0
i
e
8
= -0.007
£
(]
Z
-0.014 1 1 1 1 J
0 0.2 0.4 0.6 08 1
z/L

Fig. 5. Relative flow velocity in terms of individual contributions from two compression waves as a
function of location (k=10 m?).

Porosity and pore structure factor are another two properties of saturated porous
material which reflect the mass coupling effect arising from the fact that, for a typi-
cal porous system, the motion of the pore fluid is not the uniform and in general
does not take place in the direction of the macroscopic pressure gradient. For uni-
form, cylindrical pores with axes parallel to the gradient, the pore structure factor s
is equal to 1; whereas for a random system of pores with all possible orientations,
s may take the value of 3 [17]. To examine the effects of mass coupling on the
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individual parts, the results for relative flow velocity are computed for a different
porosity n=0.6 and a pore structure factor s=3, as shown in Figs. 6 and 7. The
permeability is taken as k = 107! m?. Compared to the effects of viscous coupling,
the influence of porosity and pore structure factor is in general not appreciable.

3.2. Response of solid displacement

The distribution of displacement of the solid skeleton is plotted in Fig. 8 for the
same frequency. The displacement is normalized with the base displacement U, and
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the permeability is taken as 107! m2. As can be seen, the dominant component of
the solid displacement is the real one from the first compression wave. In other
words, the contribution to the solid displacement comes mainly from this wave,
whose attenuation is very small, while the contribution of the second wave is negli-
gible. This result is reasonable if one considers the great difference of §; and §, in
magnitude. As far as the second compression wave is concerned, it is observed that
its imaginary component changes considerably within the region near the bottom.
Similar behaviour can be found in Fig. 9 in which the results are shown for the
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permeability kK = 10~° m?. The comparison of Figs. 8 and 9 shows that the influence
of permeability is notable only on the imaginary components, which are obviously
increased. Similarly, the influence range of the second compression wave also
extends as the permeability increases.

As for the influence of porosity and pore structure factor, it is very slight on the
solid displacement, even smaller than that for relative flow velocity. For brevity, the
related results are not presented here.
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of location (k=101 m?).
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3.3. Response of pore pressure

The distribution of pore pressure in the column for f=5 Hz and k = 107! m?
is shown in Fig. 10. The pore pressure is normalized by pr = ps/og, 0p =
Uo(4 + 2u)/ L. The results for the permeability kK = 10~ m? are plotted in Fig. 11 to
show the effect of viscous coupling. As can be seen, the major contribution to the
pore pressure comes from the first compression wave. The pore pressure varies from
the maximum value at the bottom to the zero at the surface. This behaviour is
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understandable because the column surface is free draining, leading to the vanishing
of pore pressure at such boundary and an establishment of pore pressure gradient
within the column. It is also observed that the imaginary part due to the second type
of compression wave drops rapidly near the bottom boundary and the effect of
permeability is significant. The increasing permeability produces an obvious incre-
ment in the influence range of the second wave. Similarly, small effects of porosity
and pore structure factor are observed on pore pressure distribution.
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3.4. Frequency dependent response

The preceding results are obtained for a specified frequency f=5 Hz. Due to the
inclusion of fluid viscosity in the present study, the waves in saturated soil are dis-
persive, namely, frequency dependent. The frequency-dependent behaviour of indi-
vidual parts in various responses needs identification. The solid displacement due to
the first and second compression waves are shown in Fig. 12(a) and (b), respectively,
as a function of frequency. The responses of normalized pore pressure and relative
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flow velocity are shown in Figs. 13 and 14, respectively. In each figure, two cases of
permeability are included to simultancously show the influence of viscous coupling.
All these responses are located at the position of z = L/10. In the computation the
porosity is taken as 0.4 and the pore structure factor is 1. The frequency is normal-
ized here as w = 2wL/nVy, where Vy = /(4. +2u)/p is the velocity of the first
compression wave at low frequency limit [13]. All the responses due to the second
compression wave for the case of k = 107! m? are multiplied by a factor of 10 to
give a better view.
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Fig. 12. Solid displacement at a specified location as a function of frequency; (a) contribution of the first
compression wave; (b) contribution of the second compression wave.
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Quite a different behaviour in responses is noticed for the two types of waves. The
responses due to the first compression wave peak when the dimensionless frequency is
equal to about (2j — 1) where j is a positive integer. However, the responses attri-
buted to the second wave do not exhibit such a common frequency-dependent per-
formance. It may be considered that this feature is associated with the characteristic
of this wave, that is, the second compression wave is in fact a diffusion-type process,
not a true propagating wave at low frequencies because of the viscous damping.
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Fig. 13. Pore pressure at a specified location as a function of frequency; (a) contribution of the first
compression wave; (b) contribution of the second compression wave.
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On the other hand, it is observed that the effect of permeability is significant on
the frequency-dependent responses. As shown in Figs. 12(a) and 13(a), the increase
of permeability causes a sizable decrease of the peak values and a slight increase of
the resonant frequencies for solid displacement and pore pressure responses. The
frequency-dependent behaviour due to the first compression wave is almost same
with the overall response behaviour (i.e. no separation [16]), in other words, the first
compression wave dominates in such performance. On the other hand, for the flow
velocity response, the increase of permeability results in the peak values increasing.
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Fig. 14. Relative flow velocity at a specified location as a function of frequency; (a) contribution of the
first compression wave; (b) contribution of the second compression wave.
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In addition, it is noted that, in either case of permeability, the peak values of flow
velocity increase with the frequency. This implies that, in a general sense, there is
little relative fluid motion in low frequency range or at high viscous coupling, while
it becomes larger at high frequencies or low viscous coupling [13].

4. Concluding remarks

The individual contributions from two types of compression waves in the vibration
of a water-saturated soil column is examined quantitatively. Analytical solutions for
various responses are rigorously derived in terms of individual contributions by
means of a separation procedure. Numerical results indicate that the contribution of
the first compression wave is dominant in the responses of solid displacement and
pore pressure, while the contribution from the second compression wave is very
small. As for the fluid flow velocity, the contribution from the second compression
wave is comparable to that of the wave of the first kind within a defined influence
range. In general, the effect of viscous coupling/permeability on the responses due to the
second compression wave is significant, especially on the influence range, which
obviously increases with increasing permeability. Compared to the viscous coupling
effect, the influence of mass coupling is however very small on both individual parts. As
far as the frequency-dependent behaviour is concerned, the response due to the second
compression wave is quite different from that due to compression wave of the first one.
The observed overall responses of solid displacement and pore pressure are almost due
to the contribution from the first compression wave.

Finally, it should be mentioned that, although the contribution from the second
compression wave is in general very small compared to its counterpart, both the
rigorous solutions and numerical results presented in this paper show that all the
responses consist of two individual parts due respectively to the two compression
waves, convincingly indicating that the common understanding in geotechnical
engineering community [19] is not accurate that among the two compression waves
one propagates in the fluid and the other in the solid.
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