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Abstract
Loose granular soil, when subjected to shearing, may collapse rapidly to large strains with a very low residual strength.

This flow-type failure, known as flow slide or flow liquefaction, is a major concern in geotechnical applications involving

slopes, dams and embankments. A fundamental understanding of the flow liquefaction phenomenon has been established

through extensive laboratory experiments on isotropically consolidated sand samples over the past decades. In real

situations, however, the element of soil in a slope or dam is not under the isotropic consolidation, but is subjected to a

static, driving shear stress prior to external loading. What role played by this static shear stress in the initiation of flow

liquefaction is an issue of importance but is not yet fully understood. This paper presents new data from a specifically

designed experimental program along with analysis in a sound theoretical context. A marked finding of the study is that the

gradient of the flow liquefaction line—which indicates the onset of flow slide in the stress space—is almost uniquely

related to the initial state parameter defined in the critical state theory, regardless of the presence or absence of initial shear

stress. Based on the characteristics of the observed behavior, an alternative definition for the factor of safety against flow

failure is put forward, which takes proper account of the key factors involved and thus is more rational in certain aspects

than the conventional one used in engineering practice.
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List of symbols
A, B Parameters in Eq. (3)

ACR Anisotropic consolidation ratio

e Void ratio after consolidation

eC Critical state parameter in Eq. (5)

K0 Earth pressure coefficient at rest

Kc Principal stress ratio

M Critical stress ratio

p Mean effective stress in standard triaxial setting

pa Reference pressure (atmospheric pressure)

q Deviatoric stress in standard triaxial setting

RFL Resistance to flow liquefaction

SIC Shear stress increment

S0, sd Initial shear stress and applied shear stress

sp, su Undrained strength at peak state and critical state

a, b Parameters in Eq. (7)

e1, e3 Major and minor principal strain

ea Axial strain in triaxial test

/cs Critical state friction angle

gFLL Stress ratio corresponding to flow liquefaction line

k Critical state parameter in Eq. (5)

w State parameter

w0 Initial state parameter (prior to shearing)

r1, r3 Major and minor principal stress

1 Introduction

Flow slide or flow liquefaction is a phenomenon in which

loose granular soil, when subjected to shear, undergoes a

sudden loss of strength and a rapid development of

deformation, accompanied by a quick buildup of pore

water pressure. It is essentially an instability behavior and

can be triggered by either static or cyclic loading. The

consequences of this flow-type failure are often dramatic

and devastating. A classic example is the collapse of the

Fort Peck dam in the USA [4], which resulted in flow slides

of several million cubic meters of the dam material and
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eight deaths. Another notable case is the massive slides

during construction of the Nerlerk sand berm in the

Beaufort Sea [25], which led to the abandonment of the

project and a financial loss of over 100 million US dollars.

Most recent examples include the catastrophic failures of

large tailings dams in Brazil [21]. Given the potentially

catastrophic consequences, considerable efforts have been

devoted to investigate the phenomenon in the past decades,

mainly through well-controlled laboratory experiments on

saturated sand samples; and a framework of understanding

has been established (e.g. [4, 5, 10, 14, 16, 19, 23–25,

27, 29, 30, 34, 35, 42]).

Central to the current understanding is the existence of a

critical state line in the stress space (Fig. 1), which is the

locus of ultimate states of shear failure, termed as steady

state or critical state [23, 32], and the existence of a flow

liquefaction line, which links the peak in the stress path and

the origin. The two lines in the stress space define a zone of

potential instability in which loose sand tends to become

unstable when a perturbation is imposed. In this context,

the flow liquefaction line is also referred to as instability

line and Hill’s classic instability criterion [12] can be

applied to explain the initiation of failure (e.g. [3]. Using

the standard triaxial notations, the critical state can be

analytically defined as:

dp ¼ 0; dq ¼ 0; dev ¼ 0; deq 6¼ 0 ð1Þ

where p ¼ ðr1 þ 2r3Þ=3 is the mean normal stress and q ¼
ðr1 � r3Þ is the deviatoric stress, with r1 and r3 as the

principal stresses; ev ¼ e1 þ 2e3ð Þ is the volumetric strain

and eq ¼ 2 e1 � e3ð Þ=3 is the deviatoric strain. Equation (1)

states that at the critical state the deviatoric strain continues

indefinitely without changes in mean effective stress,

deviatoric stress and volume. Note that both stress and

strain quantities are assumed positive in compression and

all stress components throughout this paper are considered

effective. The instability criterion is hence given as:

d2W ¼ drijdeij ¼ ðdpdev þ dqdeqÞ� 0 ð2Þ

More attention deserves to be paid to the notion that the

flow liquefaction line is not an intrinsic property but

depends on both void ratio and mean effective stress. Its

gradient can be related to the initial state parameter (w0) of

the soil in an exponential form [35]:

gFLL ¼ q

p

� �
FLL

¼ M

B
expðAw0Þ ð3Þ

where M is the gradient of the critical state line; and A and

B are two soil-specific parameters. As shown in Fig. 1, the

state parameter is a measure of how far the material state is

from the critical state in terms of density by collectively

accounting for the influence of void ratio and mean

effective stress [1]. The state dependence described in

Eq. (3) has been confirmed by laboratory experiments on

different granular materials (e.g. [17, 24, 31] and by

numerical simulations using the discrete element method

(e.g. [8, 9, 13]. A significant implication of the relationship

is that a granular soil at a relatively dense state also has the

potential for liquefaction as long as the confining stress is

sufficiently high.

Most of the studies on flow liquefaction have tended to

focus on sand specimens sheared under the isotropic con-

solidation condition. This condition, however, does not

properly replicate the in situ stress condition typical for

slopes and dams—in which a static, driving shear stress

exists in the element of soil prior to external loading

(Fig. 2). While this stress condition has been recognized

for a long (e.g. [18], it is not yet extensively studied. One of

notable studies in recent years is that of Fourie and Tsha-

balala [11], who reported an investigation of the failure of a

tailings dam in South Africa. They showed that the use of

the friction angle corresponding to the flow liquefaction

line determined from isotropically consolidated specimens

would lead to unreasonably low values of factor of safety.

Based on laboratory tests on K0-consloidated and isotrop-

ically consolidated specimens of the tailings material, they

concluded that the flow liquefaction line determined from

K0-consloidated specimens is positioned steeper in the
Fig. 1 Undrained loading of loose saturated sand leading to flow

liquefaction
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stress space, thus leading to a larger friction angle and a

higher factor of safety. This conclusion is somehow

counterintuitive and confusing—because it suggests that

the presence of an initial shear stress is beneficial to the

safety of slopes and dams. Later on, Chu and Wanatowski

[7] also reported data from undrained shear tests on K0-

consolidated sand specimens, but their results showed that

the stress ratio corresponding to the onset of instability

does not differ appreciably from that for isotropically

consolidated specimens.

The divergent views in the literature indicate that the

problem is complex and is not yet fully understood. This

divergence also reflects to some extent the uncertainty

involved in K0-consolidation tests. In carrying out such

tests in soil mechanics laboratory, the lateral strain caused

by a stress increment needs to be carefully controlled to

fulfill the condition of no lateral deformation; however, the

accuracy of lateral strain measurement is always a concern.

Adding to this uncertainty is that the K0 value of a granular

soil is dependent on its initial void ratio—that is, different

K0 values may correspond to different void ratios or vice

versa. Since the undrained behavior of granular soil is

sensitive to changes in void ratio, one may speculate that

the observed differences in laboratory tests on K0-consol-

idated and isotropically consolidated specimens are asso-

ciated with differing void ratios of the specimens.

Another critical concern is that K0-consolidation

essentially represents level ground conditions in the free

field where no static, driving shear stress acts on the hor-

izontal plane of the soil element and, thereby, no potential

for flow failure exists. For sloping ground conditions, the

element of soil is, however, subjected to a static, driving

shear stress before any loading effect is developed. To

simulate the sloping ground conditions in the laboratory, it

is more rational to apply a drained loading to the soil

specimen to generate an initial shear stress [40, 41]. This

loading process can be regarded as a general anisotropic

condition for which the magnitude of the initial shear stress

can be related to the anisotropic consolidation ratio (ACR)

defined below:

ACR ¼ q0
p0

ð4Þ

where q0 is the deviatoric stress and p0 is the mean

effective stress prior to loading. Evidently, the steeper the

slope, the higher the initial shear stress and the larger the

ACR value. The limiting case of ACR = 0 represents the

isotropic consolidation (i.e., no initial shear stress). Alter-

natively, the principal effective stress ratio after the general

anisotropic consolidation, defined as Kc = r1/r3, can also

be used. It can be readily shown that Kc and ACR are

related to each other.

With the above concerns in mind, this paper presents a

study with the aim to explore the role of initial shear stress

through a specifically designed experimental program

along with analysis in the critical state framework. Par-

ticular attention has been given to the following funda-

mental questions:

(a) Whether the flow liquefaction line (i.e., the instabil-

ity line), determined under the general anisotropic

consolidation condition, is dependent on both void

ratio and mean effective stress?

(b) If yes, can this state dependence be described by a

relationship between the gradient of the flow lique-

faction line and the state parameter?

K0 state

Non-K0 state

Fig. 2 Schematic illustration of stress states in sloping and level ground conditions

Acta Geotechnica (2022) 17:65–79 67

123



(c) Whether this relationship, if existing, differs from

that established under the isotropic consolidation

condition?

From the practical point of view, seeking answers to these

questions is a necessary step toward the development of

safer and more rational methods for evaluation of insta-

bility and liquefaction potential of dams and slopes. From

the theoretical point of view, the comprehensive data sets

can be a useful reference for validation and calibration of

advanced constitutive models for granular materials and for

the development of a better understanding of the physics

involved.

2 Laboratory experimental program

All experiments presented here were undrained triaxial

compression tests, conducted on Toyoura sand, a uniform

quartz sand that has been widely used in soil mechanics

laboratories for various purposes. Its mean particle size

(D50) is 0.203 mm and the coefficient of uniformity (Cu) is

1.474, with 0% fines content; its particles are subrounded

to subangular. Each specimen, measured 71.1 mm in

diameter and 142.2 mm in height, was prepared by the

moist tamping method with the under-compaction tech-

nique. Compared with several other methods for sample

preparation [26], the method has the advantage of pro-

ducing a wide range of void ratios with good uniformity

[14]. Each specimen was carefully saturated in two stages:

initially by flushing the specimen with carbon dioxide and

de-aired water, and then by applying a back pressure

(300–400 kPa with the B-check. A specimen with a

B-value greater than 0.95 was considered saturated, and for

most specimens their B-values were greater than 0.99.

After saturation, the specimen was either isotropically or

anisotropically consolidated to the target state, from which

undrained compression was applied with a specific strain

rate (0.5%/min). The strain-controlled tests allowed a

reliable data collection for the post-peak response, thus

giving a well-defined stress path and stress–strain relation.

The post-consolidation void ratio of each specimen was

determined by carefully measuring the water content at the

end of the test so as to achieve a high level of accuracy

[42]. In doing that, the following procedure was taken: (1)

the cell pressure was released and the triaxial chamber was

dissembled after the termination of a test; (2) the total

weight of the wet sand sample together with the membrane

and O rings was measured; (3) the membrane and O rings

were separated from the sand sample and their dry weight

was determined; and (4) the sand sample was dried in an

oven and its dry weight was measured.

To produce systematic data sets capable of rendering

answers to the questions raised, a range of ACR values,

varying from zero to unity, was applied, and the consoli-

dation pressure was also varied over a broad range. While

focus of this study was placed on loose sand specimens

susceptible to liquefaction, a number of tests were also

conducted on samples at medium dense to dense state so as

to gain a comprehensive view. Table 1 summarizes the test

series. For limited space, selected test results are presented

and discussed in the following sections.

3 Overall behavior and influence of initial
shear stress

Figure 3 shows the results of four triaxial tests in terms of

stress path and stress–strain curve, where the four speci-

mens were isotropically consolidated to the same stress

level but differing void ratios. While the influence of void

ratio is well recognized, attention deserves to be paid to the

sensitivity of the undrained behavior of sand to the post-

consolidation void ratio. Under otherwise identical condi-

tions, a small variation in void ratio can lead to a markedly

different response, from non-liquefiable (e0 = 0.878) to

highly liquefiable (e0 = 0.946). The behavior in between

these two extreme cases (e0 = 0.894)—characterized by a

peak strength followed by a limited period of strain soft-

ening and then a continuous dilation to high strength—is

known as limited flow or limited liquefaction. Although no

full liquefaction occurs in such cases, caution should be

exercised that the strains associated with the local mini-

mum strength (referred to as quasi-steady state in the lit-

erature) are often sufficiently large ([ 5%) to cause

damage to earth structures.

The phenomenon of quasi-steady state has been con-

sistently observed in laboratory experiments (e.g. [29].

Nevertheless, there has been a concern about whether it is a

true behavior or a test-induced phenomenon [28, 43]—the

question behind the phenomenon is: How can a sand

sample, after failure, regain strength with further loading,

and the regained strength can even be higher than its peak

strength? Recent studies from the micromechanical per-

spectives [31, 36] provide some insights into the nature of

the state—that is, the quasi-steady state is a real material

response marking the transition from a metastable to a

stable microstructure of granular assemblies under the

constant volume shear. The phenomenon of quasi-steady

state can also occur in anisotropically consolidated sam-

ples, as shown in Fig. 4. All the three specimens underwent

brittle failure, reached the local minimum strength at quite

large strains (* 15%), and then regained strength upon

further loading. The existence of the quasi-steady state

implies that vanishing second-order work specified in
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Eq. (2) is not sufficient for the occurrence of instability—

because while the condition in Eq. (2) is satisfied at this

state, further loading beyond the state leads to a stable,

dilative response.

The importance of void ratio was also observed on

anisotropically consolidated sand specimens. Shown in

Fig. 5 are test results for two specimens anisotropically

consolidated to the same stress state (ACR = 0.545) but

different void ratios. The specimen at a void ratio of 0.926

was brought to liquefaction shortly after the application of

loading, whereas the specimen at a void ratio of 0.864

exhibited a strongly dilative response and achieved a sig-

nificantly high strength at large strains. Similar results were

obtained from testing another pair of anisotropically con-

solidated specimens at a higher ACR value (0.923), as

shown in Fig. 6, where the contrasting response was due to

a small change in void ratio. These tests underline the

importance of accurate determination of the post-consoli-

dation void ratio in laboratory study of sand behavior.

Of more interest here is how the presence of initial shear

stress influences liquefaction resistance. Compared with

the case of no initial shear stress, the increase in shear

stress required to initiate liquefaction—which can be

regarded as the resistance to flow liquefaction—is signifi-

cantly lower when an initial shear stress is present. To

make the point clear, a series of tests was designed to

eliminate the effects due to differing void ratios and con-

fining stresses, and the results are shown in Fig. 7. The

uniqueness of Fig. 7 is that all the three samples were

consolidated to almost the same state in terms of mean

effective stress and void ratio, but with different ACR

values. In the absence of initial shear stress (ACR = 0), the

increase in shear stress required to initiate liquefaction was

measured to be approximately 108 kPa. When an initial

shear stress was present at ACR = 0.545, the increase in

shear stress required to initiate liquefaction was dramati-

cally reduced to about 42 kPa, and it was further reduced to

about 14 kPa at a higher shear stress level (ACR = 0.923).

Since all the three tests were conducted under otherwise

similar conditions, the results in Fig. 7 provide convincing

evidence that the resistance against the onset of instability

and liquefaction reduces with increasing initial shear stress

level. Similar observation has been observed by Jefferies

and Been [16] from laboratory tests on K0-consolidated

specimens and by Kramer and Seed [18] from load-con-

trolled triaxial tests on a river sand. Compared with strain-

controlled tests, load-controlled tests are not able to pro-

vide reliable post-peak measurements and thus do not

allow analysis in the critical state context.

In addition to the effect on liquefaction resistance,

several features in Fig. 7 are worth noting: (a) Flow failure

or instability was initiated at very low strains for all sam-

ples (\* 0.5%, see Fig. 7b), and the strain level at the

onset of instability tended to decrease with increasing

ACR; (b) the excess pore water pressures in all samples

Table 1 Summary of testing series

Test series e0 p0 (kPa) ACR Kc

Series I-a 0.951 100 0 1

0.936 100 0 1

0.924 100 0 1

0.905 100 0 1

0.893 100 0 1

0.881 100 0 1

0.867 100 0 1

0.848 100 0 1

0.919 100 0 1

Series I-b 0.887 200 0 1

0.941 200 0 1

0.908 300 0 1

0.922 300 0 1

0.943 300 0 1

0.885 300 0 1

Series I-c 0.910 500 0 1

0.928 500 0 1

0.894 500 0 1

0.878 500 0 1

0.946 500 0 1

Series II 0.932 300 0.273 1.30

0.956 300 0.273 1.30

0.950 500 0.273 1.30

Series III 0.928 92 0.545 1.66

0.909 100 0.545 1.66

0.894 100 0.545 1.66

0.880 100 0.545 1.66

0.864 100 0.545 1.66

0.916 100 0.545 1.66

0.906 300 0.545 1.66

0.947 300 0.545 1.66

0.939 500 0.545 1.66

Series IV 0.923 100 0.923 2.33

0.889 100 0.923 2.33

0.919 100 0.923 2.33

0.918 260 0.923 2.33

0.925 300 0.923 2.33

0.911 300 0.923 2.33

0.942 300 0.923 2.33

0.905 400 0.923 2.33

0.934 500 0.923 2.33

0.923 100 1 2.5

e0 = post-consolidation void ratio; p0 = mean effective stress after

consolidation; ACR = anisotropic consolidation ratio; Kc = principal

stress ratio
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were built up continuously during undrained shear, show-

ing no abrupt changes at the onset of instability, but the

magnitudes of pore water pressures were significantly

affected by the initial shear stress level (Fig. 7c); and

(a) (b)
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(c) the pore water pressure ratio, defined as the pore water

pressure divided by the mean effective stress at the end of

consolidation, approached unity at large strains in the case

of no initial shear stress, but it was not able to achieve the

limiting value in the presence of initial shear stress

(Fig. 7d). To make these points clearer, the magnitude of

shear stress required to initiate failure, the strain at the

onset of failure, and the maximum pore water pressure

ratio attained for all the three tests are shown as a function

of ACR in Fig. 8a–c, respectively. Note that in the case of

0
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ACR = 0.923, flow failure or instability was initiated at an

extremely low strain (* 0.05%)—one order of magnitude

less than that commonly reported in the literature. This

result implies that the displacements in associated with the

onset of flow slides of steep slopes in field conditions

would be very small such that any deformation-based

precautionary warning would be difficult, if not impossible.

It also explains why the occurrence of flow slides is his-

torically known as spontaneous liquefaction [4]. As far as

the excess pore water pressure is concerned, the maximum

value attained in the case of ACR = 0.923 was only 70% of

that in the case of no initial shear stress (ACR = 0).

The observed effect of initial shear stress on pore water

pressure generation due to monotonic loading is in con-

sistent with that observed by some researchers from

undrained cyclic tests. For ease of reference, Fig. 9 shows

the results of cyclic tests on two Toyoura sand samples at a

similar initial state [41]: one was subjected to isotropic

consolidation (i.e., no initial shear stress) and the other was

subjected to a drained loading induced shear stress

(* 36 kPa) before the application of cyclic loading.

Clearly, the presence of an initial shear stress can signifi-

cantly prevent the generation of pore water pressure as

observed in monotonic tests. In the absence of initial shear

stress, the pore water pressure built up to the level of

effective confining stress shortly after 4 cycles of loading,

whereas it was unable to rise to 20% of the effective

confining stress even after 20 cycles of loading. The result

suggests that the commonly used liquefaction criterion, i.e.,

the occurrence of liquefaction is defined as the state at

which the excess pore water pressure ratio equals unity

(e.g. [15], can be misleading in situations where a signifi-

cant initial shear stress is present. For such situations, the

development of large deformation is considered a more

rational criterion.

4 State-dependent flow liquefaction line

Now, it is interesting to examine how the initiation of flow

liquefaction or the onset of instability is affected by the

initial state of soil in the presence of initial shear stress.

Figure 10a shows data from eight tests in terms of the slope

of the flow liquefaction line (gFLL), i.e., the stress ratio at

the onset of instability, as a function of post-consolidation

void ratio (e0). For all the tests, no initial shear stress was

applied before undrained shear (i.e., ACR = 0); five of

them were under the confining stress of 100 kPa, and three

of them were under a much higher confining stress of

500 kPa. Two aspects are evident from the plot: (a) under a

given confining stress, gFLL tends to decrease with

increasing void ratio, meaning that the specimen at a looser

state is more prone to the initiation of flow liquefaction;

and (b) for a given void ratio, the specimen at a higher
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confining stress tends to exhibit a lower stress ratio and

hence is more prone to the triggering of flow liquefaction.

The two important features, which have been observed on

several different sands in the literature, have also been

confirmed by the experiments on anisotropically consoli-

dated specimens, as shown in Fig. 10b for the case of

ACR = 0.545.

In accordance with the proposal of Yang [35], the

effects of void ratio and confining stress on the flow liq-

uefaction line in the stress space can be combined through

the state parameter defined with reference to the critical

state locus in the compression space. To examine whether

this idea is valid for the general anisotropic consolidation

conditions, the critical state data are retrieved from the

experimental results. Shown in Fig. 11a is the collection of

the critical states attained from all tests, including both

isotropically and anisotropically consolidated specimens.

Clearly, a unique straight line which fits all data very well

exists, suggesting that the critical state locus is not affected

by the consolidation path. The gradient of the straight line

(M) is measured as 1.21, representing the angle of shearing

resistance (/cs) of 30.1�. The uniqueness of critical state

line is also confirmed in the compression plane, as shown

in Fig. 11b, where a unique trend line can be proposed to fit

all data reasonably well regardless of isotropic or aniso-

tropic consolidation. The critical state line here is described

by a power function as

e ¼ eC � kc
p

pa

� �n

ð5Þ

where the exponent n typically takes a value of 0.6; eC
and kc are two key parameters that reflect the characteris-

tics of soil grains such as shape and gradation [38, 39].

Based on the critical state locus determined, the slope of

the flow liquefaction line (gFLL) is plotted as a function of

initial state parameter (w0) for the case of ACR = 0 and the

(a) (b)

Fig. 10 State dependent stress ratio at onset of instability: a ACR = 0; b ACR = 0.545
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case of ACR = 0.545, respectively, in Fig. 12a, b. It is

encouraging that for both cases, the effects of void ratio

and confining stress observed in Fig. 10 can be unified such

that a single relationship exists between gUIS and w0. More

strikingly, when all data are plotted together, a single trend

line can be proposed to fit the data reasonably well,

regardless of the presence of an initial shear stress or not,

as shown in Fig. 13. This result is in agreement with that of

Chu and Wanatowski [7] on K0-consoildated and isotrop-

ically consolidated specimens. Note that the trend line in

Fig. 13 takes the exponential form in Eq. (3), with

parameters B and A determined by regression to be 1.01

and -0.51, respectively.

The finding in Fig. 13 is significant in that the state

parameter dependence of the flow liquefaction line is not

affected by the presence of initial static shear stress. In

other words, the relationship in Eq. (3) can be determined

from the conventional triaxial tests on isotropically con-

solidated specimens and then be applied to the general

anisotropic consolidation conditions. Furthermore, the flow

liquefaction line so determined can also be applied to

cyclic loading conditions—an excellent example is shown

in Fig. 14 where the correspondence between monotonic

and cyclic loading conditions is given. Two specially

designed tests on Toyoura sand are included in the figure:

one was subjected to isotropic consolidation and then to

undrained monotonic loading to flow failure, and the other

was anisotropically consolidated to the same state in terms

of void ratio and mean effective stress and then subjected

to cyclic loading. It can be seen that when the cyclic stress

path touched on the flow liquefaction line determined from

the monotonic test, the flow-type failure was initiated in the

form of abrupt runaway deformation.

5 Undrained strength and factor of safety
against flow failure

The potential for flow liquefaction is a critical concern in

the design and construction of earth structures such as fill

slopes, tailings dams and artificial islands. The conven-

tional stability analysis in engineering practice involves

calculation of the factor of safety (FS) using the internal

friction angle of the soil. For loose slopes that are sus-

ceptible to liquefaction, this kind of analysis often gives

sufficiently high FS values, leading to the conclusion that

the slopes are safe. Caution should be exercised, however,

that loose slopes with high FS values so calculated can still

fail—a clear example is the collapse of the Merriespruit

tailings dam in South Africa that was evaluated to have a

FS as high as 1.33 [11]. There has been confusion among

practicing engineers, particularly those in the mining

industry.

(a) (b)

Fig. 12 State parameter dependent stress ratio at onset of instability: a ACR = 0; b ACR = 0.545

Fig. 13 Variation in stress ratio at onset of instability with initial state

parameter
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From the viewpoint of soil mechanics, the unreliable

prediction is associated with the misconception inherent

with the conventional method of stability analysis. That is,

the method involving the use of the internal friction angle

is essentially an effective stress-based analysis, with the

assumption that the external loading is slow and no excess

pore water pressure is generated during failure. Evidently,

this assumption does not reflect the physics involved in

flow liquefaction behavior and, hence, can lead to unsafe

prediction. Based on the laboratory observations described

before, an alternative method is put forward here for the

evaluation of safety factor. In doing that, the typical pattern

of the observed behavior is schematically shown in Fig. 15,

where the element of soil is subjected to a static, driving

shear stress (s0) before undrained shear. The resistance to

flow liquefaction, denoted as RFL, is defined as the dif-

ference between the undrained strength (sp) and the initial

shear stress (s0), while the difference between the

undrained strength and the strength at critical state (su) is a

measure of brittleness [2]. For an applied shear stress or

perturbation (sd), the difference between its magnitude and

the magnitude of the initial shear stress represents the shear

stress increment (denoted as SIC) due to external loading. It

is thus logical to define the factor of safety against flow

failure as

FS ¼ RFL

SIC
¼ ðsp � s0Þ

ðsd � s0Þ
ð6Þ

The above definition takes account of three key factors

governing the flow slide of a slope, namely the initial,

driving shear stress, the undrained shear strength and the

perturbation (i.e., a triggering mechanism). Note that the

undrained shear strength here is treated as a state param-

eter dependent quantity rather than a constant, as discussed

later. Since the liquefaction resistance is related to the

initial shear stress in the way that it decreases with

increasing ACR (Fig. 8a), a conceptual illustration for the

safety factor defined in Eq. (6) is given in Fig. 16, where a
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liquefaction resistance curve is shown in the RFL versus

ACR plane. The resistance curve serves as a demarcation

between the stable zone (i.e., FS[ 1) and the unsta-

ble zone (i.e., FS\ 1), and for states in the stable zone the

vertical distance from the liquefaction resistance curve

indicates the margin of safety.

The critical issue in estimating the factor of safety is to

properly determine the undrained shear strength—here the

strength is that at the onset of instability rather than at the

critical state. Compared with the latter, the former is con-

sidered more appropriate for safety analysis and can be

determined reliably from strain-controlled tests. Figure 17

shows test results for the case of ACR = 0 and the case of

ACR = 0.545, where undrained shear strength is plotted as

a function of void ratio for various confining stresses. It can

be seen that at a given confining stress, the undrained shear

strength decreases with increasing void ratio and that at a

given void ratio, the undrained shear strength increases

with increasing confining stress. In geotechnical engi-

neering practice, the undrained strength of soil is often

normalized by the effective confining stress or effective

vertical stress (e.g. [2, 22, 33]). With this notion in mind,

the undrained strength here is normalized by the initial

confining stress, i.e., sp/p0, and then plotted as a function of

the initial state parameter (w0), as shown in Fig. 18. A

striking observation is that despite some scatter, a unique

trend line can be proposed to fit the data for both isotropic

and anisotropic conditions. The trend line can be described

by an exponential function:

sp
p0

¼ a expðbw0Þ ð7Þ

where a and b are determined by regression to be 0.60 and

-10.52, respectively. The above relationship suggests that

the undrained strength ratio (sp/p0) decreases with

increasing state parameter—certainly it is a reasonable

trend. For sand at very loose state (e.g. w0 = 0.05–0.08)

such that it is highly susceptible to liquefaction, Eq. (7)

gives the undrained shear strength (sp) ranging from 0.26 to

0.35p0. Interestingly, Olson and Stark [22] back-analyzed a

number of case histories of liquefaction flow failures and

showed the undrained strength ratios (with reference to the

effective vertical stress) ranging from 0.24 to 0.30. While

the back analyses may involve some uncertainties related

to, for example, shearing mode and soil variability, the

good agreement suggests the soils in these case histories

being at very loose state in terms of the state parameter and

hence being highly liquefiable.

Two additional points in Eq. (7) deserve attention. First,

the relationship is analogous to the relationship between

the peak friction angle and the initial state parameter for

dense sand under drained loading [37]. Second, the above

relationship together with the relationship in Eq. (3) sug-

gests that the undrained strength ratio is related to the

internal friction angle. These two points imply that while

the relationships expressed in Eqs. (7) and (3) are estab-

lished from experimental data, they are backed up by the

constitutive theory and therefore should be applicable to a

range of granular soils. Further research along this line is

worthwhile and will be reported in future.

Moreover, it should be mentioned that the factor of

safety defined in Eq. (6) is with reference to the undrained

triaxial loading path shown in Fig. 15. This loading path

represents trigger mechanisms involving rapid fill deposi-

tion or sediment accumulation as in many case histories

[19, 25]. For other possible trigger mechanisms, different

loading paths may be involved. For example, the slope

failure induced by rising water table or rainfall infiltration

can be represented by a constant shear stress path as shown

as Path 2 in Fig. 19. The stability analysis of Fourier and

Tshabalala [11], discussed above, actually assumed a

constant-p path (Path 3 in Fig. 19). Among the three stress

paths, the constant shear stress path leads to the least shear

strength. Laboratory investigation of the constant shear

stress path is beyond the scope of the present study; several

researchers have reported interesting data (e.g. [6, 20]). In

laboratory, a constant shear stress is often conducted in a

triaxial device by applying a constant axial force while

reducing the cell pressure at a slow rate and with drainage

permitted. Such tests are stress controlled and hence are not

able to provide reliable measurements of strain-softening

response. Furthermore, the data of constant shear tests are
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often noisy with significant scatter, making the interpreta-

tion of instability initiation difficult. Future work is needed

to address these limitations.

6 Summary and conclusions

This paper presents systematic datasets along with inter-

pretation in the critical state framework to elucidate the

role of initial shear stress in the initiation of instability and

flow failure in granular soils. The main results and findings

are summarized as follows.

(a) The flow liquefaction line or the instability line

under the general anisotropic consolidation is depen-

dent on both void ratio and mean effective stress. At

a given confining stress, the gradient of the line

decreases with increasing post-consolidation void

ratio; whereas for a given void ratio the gradient of

the line increases with decreasing confining stress.

This result suggests that flow liquefaction is trig-

gered more easily at larger void ratio and higher

confining stress.

(b) The combined effects of void ratio and confining

stress can be unified through the state parameter

defined in the critical state theory such that the
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gradient of the flow liquefaction line decreases with

increasing the initial state parameter. The relation-

ship can be well described by an exponential

function, and it is almost unique irrespective of

whether a static driving shear stress is present or not.

(c) Flow failure or instability can be initiated at an

extremely low strain (* 0.05%) when a significantly

high initial shear stress is present. This implies that

the displacements associated with the onset of flow

failure of steep slopes in field conditions could be

very small such that any deformation-based precau-

tionary warning would be difficult, if not impossible.

(d) The presence of initial shear stress prevents the

generation of pore water pressure under either

monotonic or cyclic loading conditions. The com-

monly adopted liquefaction criterion in terms of pore

water pressure generation can be misleading in situ-

ations where the initial shear stress is significantly

large. A rapid development of large strain is

considered a more rational criterion for the triggering

of liquefaction.

(e) The conventional method for calculation of the

factor of safety against instability is essentially an

effective stress-based analysis. The assumption

behind the method does not reflect the physics

involved and hence can lead to unsafe predictions.

The new definition for the factor of safety is

established on the characteristics of the observed

behavior and takes proper account of the key factors

involved. It can be used as an alternative in the

evaluation of the factor of safety against flow failure.

(f) The undrained shear strength together with the initial

shear stress determines the resistance to flow lique-

faction and thereafter the factor of safety. The

undrained shear strength is not a constant, but

depends on the initial state in terms of void ratio

and confining stress. By normalizing the undrained

strength with the mean confining stress, an almost

unique relationship can be established between the

strength ratio and the initial state parameter for both

anisotropic and isotropic consolidation.

Last, but not the least, it should be recognized that further

work to validate these findings using quality data on dif-

ferent materials is worthwhile. The database can be a

valuable reference for validation and calibration of con-

stitutive models and numerical simulations. Since lique-

faction flow slides continue to cause extensive damage to

our built and natural environment, such work is highly

desirable.

Acknowledgments This work was funded by the Research Grants

Council, University Grants Committee of Hong Kong (No. 17250316;

17206418). This support is gratefully acknowledged. The authors also

wish to thank Mr. A Small for his constructive comments on the

manuscript.

Data Availability Statement All data that support the findings of this

study are available from the corresponding author upon reasonable

request.

References

1. Been K, Jefferies MG (1985) A state parameter for sands.
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Géotechnique 61(1):59–73

41. Yang J, Sze HY (2011) Cyclic strength of sand under sustained

shear stress. J Geotech Geoenviron Eng ASCE

137(12):1275–1285

42. Yang J, Wei LM (2012) Collapse of loose sand with the addition

of fines: the role of particle shape. Géotechnique
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